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Fifteen drawings of Irish antiquities, or of things in different mu- 
seums considered illustrative of ancient weapons found in Ireland, were 
presented by Mr. G. V. Du Noyer, as an addition to the collection of si- 
milar drawings already deposited by that gentleman in the Academy. 

Two MS. volumes of a Journal kept in Dublin from 1801-4, and the 
Journal of a Tour in Ireland, &c, in 1804, in three volumes, were pre- 
sented to the Library by Mr. James Tighe. 

Thanks were returned to the donors. 

The Academy then adjourned. 

MONDAY, JUNE 24, 1861. 

The Veey Rev. Dean Graves, D. D., President, in the Chair. 

The Rev. J. H. Todd, D. D., read a paper on some additional leaves of 
the Book of Lismore, recently recovered by his Grace the Duke of De- 
vonshire, and exhibited the MS., in its collective form. 

It was Resolved, — That the special thanks of the Academy be re- 
turned to his Grace the Duke of Devonshire for the opportunity afforded 
to its members of becoming acquainted with the contents of the Book of 
Lismore, through the Rev. Dr. Todd's description, and of personally in- 
specting this very curious and valuable manuscript. 

Sib "W. R Hamilton, LL. D., read a paper — 

ON GEOMETRICAL NETS IN SPACE. 

[1.] "When any five points of space, abcde, are given, whereof no four 
are supposed to be complanar, we can connect any two of them by a right 
line, and the three others by a plane, and determine the point in which 
these last intersect each other : deriving thus a system of ten lines A„ 
ten planes H, and ten points P,, from the given system of five points P , 
by what may be called a First Construction. 

"We may next propose to determine all the new and distinct lines A 2 , 
and planes n 2 , which connect the ten derived points P If with the five 
given points P , and with each other; and may then inquire what new and 
distinct points P, arise, as intersections* A • n of lines and planes already 
obtained : all such new lines, planes, and points being said to belong to 
a Second Construction. And then we might proceed, on the same plan, 
to a Third Construction, and to indefinitely many others following : 
building up thus what Professor Mobius, in his Barypentric Calculus,^ 
has proposed to call a Geometrical Net in Space. 

* Intersections A ' A of line with line (when complanar) are included in this class 
A • II ; and intersections n • II • n of three distinct planes, when not included at this 
stage, may be reserved for a subsequent construction, in which they naturally offer them- 
selves, as of the standard form A • II. 

f Der Calcul Barycentrische, Leipzig, 1827, p. 291. Some first results connected with 
the subject were given, according to the writer's recollection, in a Memoir by Carnot on 
Transversals, to which he cannot at present refer. 
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[2.] In general, if n denote five or any greater number of indepen- 
dent points of space, the number of the derived points of the form A • n, 
or ab • cde, which can be obtained by what is relatively to them a First 
Construction, of the kind just now described, is easily seen to be the 
function, 

ff^- K"- 1 ) (*-2)(K-3)(n-4) 
Jy '" 2 ' 2.3 ' 

so that/(5) = 10, as above, but/(15) = 30030. If then the fifteen points 
Pa, Pi were thus independent, or unconnected with each other, we might 
expect to find that the number of points P 4 derived from them, at the 
next stage, should exceed thirty thousand. And although it was obvious 
that many reductions of this number must occur, on account of the 
dependence of the ten points Pi on the five points P , yet when I hap- 
pened to feel a curiosity, some time ago, to determine the precise number 
of those which have been above called Points of Second Construction, and 
to assign their chief geometrical relations to each other, and to the fifteen 
former points, it must be confessed that I thought myself about to un- 
dertake the solution of a rather formidable Problem. But the motive 
which had led me to attack that problem, namely the desire to try the 
efficiency of a certain system of Quinary Symbols, for points, lines, and 
planes in space, which the Method of Vectors had led me to invent, in- 
spired me with a hope, which I trust that the result of the attempt has 
not altogether failed to justify. And, in the present communication, I 
wish first to present some outline of what may be called perhaps a 
Quinary Calculus, before proceeding to give, in the second place, some 
sketch of the results of its application to the geometrical Net in Space. 

Paet I. — On a Quinary Calculus for Space. 

[3.] Let abcde be (as in [1.]) any five given points of space, 
whereof no four are situated in any common plane ; then, by decompos- 
ing ed in the directions of ea, eb, ec, we can always obtain an equation 
of the form, 

a . EA + b . EB + C . EC + d . ED = 0, (1) 

in which the coefficients abed have determined ratios. And if we next 
introduce a fifth coefficient e, such that 

a + b+e + d + e = 0, (2) 

and add to (1) the identity 

(a + b + c + d + e) oe = 0, (3) 

in which o is any arbitrary point (or origin of vectors), we arrive at the 
following equivalent but more symmetric form, 

a . oa + b . ob + c . oc + d . od + e . oe = 0, (4) 

in which abode may be called the file (numerical) constants of the given 
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system of five points, a . . e, although only their ratios are important, 
and (as above) their sum is zero. 

[4.] Let p be any other point of space, and let xyzwv be coefficients 
satisfying the equation, 

(x - v) a . pa + (y - v) b . pb + (s - v) e . pc + (w - v) d . pd = ; (5) 

then, adding the identity, 

v (« . pa f b . pb + e. pc + d . pd + e. pe) = 0, (6) 

which results from (4), we obtain this other symmetric formula, 

xa . pa t yb . pb + zc . pc + wd . pd + ve . pe = 0, (7) 

which may also be thus written, 

xa . oa + yb . ob + zc . oc + wd . on + ve . oe 

op = ^- - , (8) 

xa + yb + zc +wd + ve 

o being again an arbitrary origin; and the five new and variable coeffi- 
cients, xyzwv, whereof the ratios of the differences determine the position 
of the point s, when the five points a . . e are given, may be called the 
Quinary Coordinates of that Point p, with respect to the given system of 
five points. 

[5.] TJnder these conditions, we may agree to write, briefly, 

p = (x, y, z, to, v), or even p = (xyzwv), (9) 

whenever it seems that the omission of the commas will not give rise to 
any confusion ; and may call this form a Quinary Symbol of the Point p. 
But because (as above) only the ratios of the differences of the coefficients 
or coordinates are important, we may establish the following Formula 
of Quinary Congruence, between two equivalent Symbols of one common 
point, 

(x' y'z' to' v') = (xyzwv), (10) 

if x' -v' : y' -v' :s'-»': w'-v' =x-v:y-v:z-v: w-v; (11) 

reserving the Quinary Equation, 

(x' y' %' w' v') = (xyzwv), (12) 

to imply the coexistence of the five separate and ordinary equations, 

x' = x,y' = y,z'=z,w'=w,v' = v. (13) 

"We shall also adopt, as abridgments of notation, the formulae, 

t (x, y, z, w, v) = (tx, ty, tz, tw, tv); (14) 

(x' . .v')±(x..v) = (x'±x, ..v' + v); (15) 

and shall find it convenient to employ occasionally what may be called 
the Quinary Unit Symbol, 

ir=(lllll); (16) 
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although this symbol represents no determined point, because both the 
denominator and numerator of the expression (8) vanish, by (2) and (4), 
when the five coefficients xy%wv become each equal to unity. 

[6.] With these notations, if q and q' be any other quinary symbols, 
and t and u any two coefficients, we shall have the congruence, 

<2'=e, if Q'=tq+w; (17) 

the two points p and p', which are denoted by these two symbols, in this 
case coinciding. Again the equation, 

Q" = t& + (q + uu, (18) 

is found to express that q, q', q" are symbols of three collinear points ; 
and the complanarity of four points, of which the symbols are q,q',q," «'", 
is expressed by this other equation of the same form, 

<i"' = tq + t'q' + t"q" + uu. (19) 

[7.] If then a variable point p be thus complanar with three given 
points, p , Pi, p 2 , its coordinates [4.] must be connected with theirs, by 
five equations of the form, 

x = t x 1 £i#i + hx t + u; . . v = t v + t^ + t^Vs + u; (20) 

whence, by elimination of the four arbitrary coefficients t t,t 2 u, a linear 
equation is obtained, of the form 

lx + my+nz + rw + sv = 0, (21) 

with the general relation 

l + m + n + r + s = (22) 

between its coefficients; and this equation (21) may be said to be the 
Quinary Equation of the Plane p P|P 2 . The five new coefficients Imnrs 
may be called the Quinary Coordinates of that Plane; and the plane itself 
may be denoted by the Quinary Symbol, 

n = \_l, m, n, r, »], or briefly, n = [Imnrs'], (23) 

when the commas can be omitted without confusion. 

If b, r', . . be symbols of this form, for planes n, n', . . , then the 
equation 

s' = ts, (24) 

in which t is an arbitrary coefficient, expresses that the two planes 
n, n' coincide ; the equation 

B n =ts + t'R' (25) 

expresses that the three planes n, n', n" are collinear, or that the third 
passes through the line of intersection of the other two ; and the equation 

R'"-tB + fB'+f'B" (26) 

expresses that the four planes XI, TV, XI", rT'are compunctual (or concur- 
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rent), or that the fourth passes through the point of intersection of the 
other three. 

[8.] It is easy to conceive how problems respecting intersections of 
lines and planes can be resolved, on the foregoing principles. And if we 
define that a point p, or plane n, is a Rational Point, or a Rational 
Plane, of the System determined by Hxefive given Points a . . e, or that 
it is rationally related to those five points, when its coordinates are equal 
(or proportional) to whole numbers, it is obvious, from the nature of the 
eliminations employed, that a plane which is determined as containing 
three rational points, or a, point which is determined as the -intersection 
of three rational planes, is itself, in the above sense, rational. "We may 
also say that a right line A is a Rational Line, when it is the line p _ p 
which connects two rational points, or the intersection II • n of two 
rational planes : and then the intersection of a rational line with a ra- 
tional plane, or of two complanar and rational lines with each other, will 
be a rational point. 

[9.] When any two points, p, p', or any two planes, n, tl', have 
symbols which differ only by the arrangement (or order) of the five co- 
efficients or coordinates in each, those points, or those planes, may then 
be said to have one common type ; or briefly, to be syntypical. For 
example, the five given points are thus syntypical, because (omitting 
commas, as in [5.]) their symbols are, 

a = (10000), b = (01000), c = (00100), d = (00010), e = (00001). (27) 

In general, any two syntypical points, or planes, admit of being derived 
from the five given points, by precisely similar processes of construction, 
the order only of the data being varied; and in the most general case, a 
single type includes 120 distinct points, or distinct planes, although this 
number may happen to be diminished, even when the coordinates are all 
unequal : for example, the type (12345) includes only sixty distinct 
points, because, by (17), we have in this case the congruence, 

(12345) = (54321). (28) 

[10.] The anharmonic function of any group of four collinear points 
abcd being denoted by the symbol (abcd), and defined by the equation, 

. ab cd ab ad 
(abcd) = —._= — :_, (29) 

BC DA CB CD v ' 

it will be found that if p . . p 3 be thus any four collinear points, of which 
therefore, by (18), the quinary symbols q . . c s are connected by two 
linear' relations, of the forms, 

«i = *o«o + ^«s + «^. «3 = *'o Qo-\-t' 2 Q 2 + u'u, (30) 

then the anharmonic of this group of points is given by the formula, 

(p p 1 P 2 P 3 )=g, (31) 

of which the applications are numerous and important. 
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And in like manner, if n . . n 3 be any four collinear planes, of which 
consequently, by (25), the symbols R . . R } are connected by two other 
linear relations, such as 

-K| — *0 ^0 + *i ^2> ^3 = f -fy> "J* * a ^2> (32) 

we have then this other very useful formula of the same kind, for the 
anharmonie of this pencil of planes, 

(n n l u i n 3 )J^; (33) 

it being understood that the anharmonie function of such & pencil is the 
same as that of the group of points, in which its planes are cut by any 
rectilinear transversal : so that we may write generally, for any six points 
a . . f, the formula, 

(ef . abcd) = (a'b'cV), (34) 

if any transversal gh cut the four planes efa, . . ef» in the four points 
a', . . d' ; or in symbols, if 

A' = GH • EFA, . . D' = GH • EFD. (35) 

[11.] The expression of fractional form, 

„ Vx + m'y + n'% + r'w + s'v f ,„ . 

<p(xyzwv) = ~ =V, (36) 

Ix f my + «s + rw + sv f 

in which the ten coefficients, I . . s and I' . . *', are supposed to be given, 
and to be such (comp. (22)) that 

Z + .. + s = 0, andZ'+.. + *' = 0, (37) 

may represent the quotient of any two linear and homogeneous func- 
tions,/ and/, of the coordinates x . . v of a variable point p, or rather of 
the differences of those coordinates (comp. [5.]); and if we assign any 
particular or constant value, such as k, to this quotient, or fractional func- 
tion, <p, the equation so obtained will represent (comp. (21)) a plane 
locus for that point, which plane n will always pass through a given 
line A, determined by equating separately the denominator and nume- 
rator of ip to zero. Hence the four equations, 

/=0, /'=/, / = 0, /' = */, (38) 

which answer to the four values, 

<p=oo, <p=l, <p = 0, <p = h, (39) 

represent a pencil of four planes n„ . . n 3 , of which the quinary symbols 
(23) may be thus written : — 

b = \lmnrs~] ; R 2 = [l'm'n'r's'~\; r 1 = r 1 -R ; R 3 = R i -JcR ; (40) 
and of which the anharmonie is consequently, by (33), the same quotient, 

(n n I n s n,)=(^= 1 p=)^, (41) 

as before. We have therefore this Theorem : — 

PKOC. E. I. A. VOL. VII. 4 F 
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" The Quotient of any two given homogeneous and linear Functions, of 
the Differences of the Quinary Coordinates of a variable Point in Spaee, 
can always be expressed as the Anharmonic of a Pencil of Planes, whereof 
three are given, while the fourth passes through the variable Point, and 
through a given Right Line, which is common to the three former Planes." 

[12.] For example, we find thus that 

x-v , . y-v , %-v , „ ,„„. 

= (bc . aedp); = (ca . bedp) ; = (ab . cedp); (42) 

w-v w-v v w-v v 

and that 

ST — 7) tJ — • 'V 2—7? 

= (cd . aebp) ; = (ad . becp) ; = (bd . ceap) ; (43) 

y-v %-v v ' x-v 

the product of these three last anharmonics of pencils being therefore 
equal to positive unity, so that we have, for any six points of space, 
abcdef, the general equation, 

(AB . BECF) . (BD . CEAF) . (CD . AEBP) = 1. (44) 

If then we suppress the fifth coefficient, v, in the quinary symbol (9) of a 
point p, which comes to first substituting, as the congruence (10) permits, 
the differences x-v, y-v, %-v, w - v, and v - v or 0, for x, y, %, w, and v, 
and then writing simply x, . .w instead of x - v, . .w-v, and omitting the 
final zero, whereby the quinary symbol (00001) for the fifth given point 
e (27) becomes first (-1,-1, - 1, -1,0), or (11110), and is then reduced 
to the quaternary unit symbol (1111), we shall fall back on that system of 
anharmonic coordinates in space, of which some account was given in a 
former communication* to this Academy : the anharmonic (or quater- 
nary) symbol of a plane XI being, in like manner, derived from the qui- 
nary symbol (23), by simply suppressing the fifth coefficient, or coordi- 
nate, s. Anharmonic coordinates, whether for point or for plane, are 
therefore included in quinary ones ; but although they have some advan- 
tages of simplicity, it appears that their less perfect symmetry, of reference 
to the five given points a . . e, renders them less adapted to investigations 
respecting the Geometrical Net in Space, which is constructed with those 
five points as data : and that therefore they are less fit than quinary co- 
ordinates for the purposes of the present paper. 

[13.] Retaining then the quinary form, we may next observe that al- 
though, when the five coefficients I. . s are given, as in [7.], and the coordi- 
nates x . . vof apoint p are variable, the linear equation Ix + . . + sv = (21) 
may be said to be the Local Equation of a Plane, namely of the plane 
\l . . «], considered as the locus of the point (x . . v) ; yet if, on the con- 
trary, we now regard x . . v as given, and I . . s as variable, the same linear 



See the Proceedings for the Session of 1859-60. 
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equation (21) expresses the condition necessary, in order that a variable 
plane [I . . s] may pass through, a given point (x . . v) ; and in this view, 
the formula (21) maybe considered to be the Tangential Equation of that 
given Point. Thus the very simple equation, 

I = 0, (45) 

expresses the condition requisite for the plane [I. . «] passing through 
the given point (10000), or a (27) ; and it is, in that sense, the tangential 
equation of that point : while m = is, in like manner, the equation of 
b, &c. This being understood, if we suppose that p and r' denote two 
given, linear, and homogeneous functions of the coordinates I. . s of a 
variable plane n, we may consider the four equations, 

i>=0, f' = f, v' = 0, f' = £f, (46) 

as the tangential equations of four collinear points, p , p lf p z , p 3 , 
whereof the three first are entirely given, but the fourth varies with the 
value of the coefficient h, although always remaining on the line A of 
the other three ; and then it is easy to deduce, from the formula (31), 
by reasonings analogous to those employed in [1 1.], the following anhar- 
monie of the group : 

(p PiP 2 p 3 )=fe = -. (47) 

r 

"We have therefore this new Theorem, analogous to one lately stated : — 
"The Quotient of any two given, homogeneous, and linear Functions, 
of the Quinary Coordinates of a variable Plane, may always be expressed 
as the Anharmonie of a Group of Points ; whereof three are given and col- 
linear, while the fourth is the Intersection of the variable Plane with the 
given Line on which the other three are situated." 

[14.] For example, if we wish in this way to interpret the quotient 
m:n, of these two coordinates of a variable plane n, or [Imnrs] (23), as 
denoting the anharmonie of a group of points, the three first points p , Pi, p 2 
of that group (47) have here for their tangential equations, 

» = 0, m-n = 0, m = 0, (48) 

whereof the third has recently been seen [13.] to represent the given 
point b, and the first represents in like manner another given point, 
namely c, of the initial system : while the second represents the point 
(0, 1, - I, 0, 0), or briefly (01100), if, to save commas, we write 1 
for - 1. To construct this last point, let us write 

A'=(01100) = (10011),andA" = (01100); (49) 

then, by (18), these two new points a' and a" are each collinear with 
b, c, or are on the line bc ; and they are, with respect to that line (or to 
its extreme points) harmonically conjugate to each other, because the for- 
mula (31) gives easily, by the first symbol for a', the harmonic equation, 

(ba' ca") = - 1 ; (50) 
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but also the second (or congruent) symbol for a' shows, by (19), that a' 
is in the plane ade ; we may therefore write the formula of intersection, 

a' = bc - ade, (51) 

whereby this point a' is entirely determined ; and then the point a", as 
being its harmonic conjugate with respect to b and c, or as satisfying 
the equation (50), is to be considered as being itself a known point. We 
have thus assigned the three first points p , v u p 2 , of the group (47), 
namely the points c, a", b ; and if we denote by i the point bc • n in 
which the variable plane n, or [I . . «], intersects the given line bc, so that 

l = (0, n, - m, 0, 0), or briefly, i = (0 n m 00), (52) 

writing m for - m, then the fourth point p 2 is l ; and^the required for- 
mula of interpretation for the quotient m : n becomes, 

J = (ca"bx). (53) 

In like manner, if we write 

b' = (10100), c' = (11000), b"= (10100), c"= (11000), (54) 
and 

m = (iiOlOO), n = (mlOOO), (55) 

in which n = - n, and I = - I, so that m = ca • n, u = ab • II, and 

B' = CA • BDE, C' = AB • CDE, (cb'ab") = (ac'BC") = - 1, (56) 

we shall have these two other formulae of interpretation, analogous to 
(53), 

n I 

^=(ab"cm), - = rBc"AN); (57) 

and therefore, 

(ab"cm) . (bc"an) . (ca"bl) = 1. (58) 

[15.] Again, if we denote by q, e, s the intersections da • II, db • n, 
dc • n, so that 

o. = (rOOlO), s = (OrOmO), s = (00?»0), (59) 

where 7= - r; if also we introduce seven new points syntypical [9 .] 
with the three points a'b'c', and seven others syntypical with a'V'c", 
as follows : 

A, = (10001), B! = (01001), Cl = (00101), b 1 = (00011); (60) 

A 2 = (10010), b 2 = (01010), c 2 =(00110); (61) 

a', = (lOOOl), b', = (01001), c\ = (0010T) r d', = (00011) ; (62) 

a' 2 = (100Fo), B' 2 = (010f0), c' 2 = (00lf0); (63) 

so that, by principles already established, we shall have the seven rela- 
tions of intersection, 
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A, = EA • BCD, Bi = EB • CAD, Ci = EC • ABD, Dj = ED * ABC, (64) 

A 2 = DA • BCE, B 2 = DB • CAE, C 2 = DC • ABE, (65) 

and the seven harmonic relations, 

(EAjAA'j) = (EBiBB'!) = (ECiCC',) = (ed^d',) = - 1, (66) 

(dAjAA' 2 ) = (db 2 bb' 2 ) = (dc 2 cc'j) = - 1, (67) 

by means of which 14 last relations these 14 new points can all be 
geometrically constructed; we shall then be able to interpret, on the 
recent plan [13.], the three new quotients, I : r, m : r, n : r, as anhar- 
monics of groups, as follows : 

- = (da' 2 aq) ; - = (db' 2 be) ; - = (dc' 2 cs) ; (68) 

T V T 

with the analogous interpretations, 

- = (ea',ax) ; — = (eb' x bt) ; . - = (ec'jCz) ; - = (ed^dw), (69) 

if x, t, z, w denote the intersections ea ■ n, eb ■ n, ec ■ II, ed • II, so that 
x = (sOOOl), r = (OsOOm), z = (OOsOn), w = (OOOsr), where * = - *. (70) 

[16.] As regards the notations employed, it may be observed that 
although we have often, as in (9) or (27), &c, equated a point, or rather 
its literal symbol, a or p, &c, to the corresponding quinary symbol (10000) 
or (xyzwv), &c, of that point, yet in some formulae, such as (17) (18) (19), 
in which we had occasion to treat of linear combinations of such quinary 
symbols, we substituted new letters, such as q, q!, for p, p', &c, in order 
to avoid the apparent strangeness of writing such expressions* as tv+tY, 
&c. To economise symbols, however, we may agree to retain the literal 
symbols first used, for any system of given or derived points, but to en- 
close them in parentheses, when we wish to employ them as denoting 
quinary symbols in combination with each other; writing, at the same time, 
for the sake of uniformity, (y) instead of u, as the quinary unit symbol 
(16). And thus, if we agree also that an equation between two unen- 
closed and literal symbols of points, p and p', shall be understood as ex- 
pressing that the two points so denoted coincide, we may write anew 
those formulas (17) (18) (19) as follows : 

p' = p,if(p')=*(p)t«00; (71) 

p" on line pp', if (p") = *(p) + t' (p') + «(u) ; (72) 

p"' in plane pp'p", if (p'") = <(p) + f(p') + *"(p") + u(v). (73) 



* Expressions of this form occur continually in the Barycentric Calculat otMoebim, 
but with significations entirely different from those here proposed. 
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[17.] We may also occasionally denote a point in the given plane of 
a, b, c by the ternary symbol, 

(x, y, z), or (xyz), (74) 

considered here as an abridgment of the quinary symbol (xyzOO) ; and 
the right line which is the trace on that plane, of any other plane II, or 
[Imnrs] (23), may be denoted by this other ternary symbol, 

[I, m, »], or \_lmn~]; (75) 

these two last ternary symbols being connected by the relation, 

Ix + my + nz = 0, (76) 

if the point {xyz) be on the line \lmn\. And the point p in which any other 
line A, not situated in the plane abc, intersects that plane, may be said to 
be the trace of that line. 

[18.] For example, the point i^ is, by (64), the trace of the line he; 
and if we write, 

A = (Tll), a, -(111), c = (111), (77) 

then these three points are the respective traces of the three lines A! a.,, 
BiB 2 , CiC 2 ; because they are, by the notation (74), in the given plane, and 
we have, by (60) and (61), the three following symbolical equations 
of the form (72), 

(Ao) + (A,) + (A 2 ) = (B„) + (BO + (Bj) = (c ) + (c 2 ) + (Cj) = (it), (78) 

which express the three collineations, a^Aj, B BiB 2 , c CiC,. 

"We have also the three other collineations, ad^', BD a B', cdiC', because 
the quinary symbols (27) (49) (54) (60) give the equations, 

(a) + (a') + ( Bl ) = (b) + (a") + ( Dl ) = (c) + (<0 + ( Bl ) = (f) ; (79) 

and these three lines, aa'b,, &c, are the traces of the three planes ade, 
bde, cde, of which planes the respective equations (21), and quinary 
symbols (23), are 

y - z = 0, %-x = 0, x-y = Q, (80) 

and [OlIOO], [ToiOO], [11000]; (81) 

so that the ternary symbols of the three last lines, regarded as their traces, 
are simply, by (75), 

[Oil], [TOI], [110]. (82) 

Accordingly, whether we consider the point a = (100), or a'= (Oil), or 
d, = (111), (this ternary symbol of Dj being congruent to the former qui- 
nary symbol (00011) for that point (60),) we have in each case^the re- 
lation y - z = between its coordinates ; and similarly for the two other 
lines. 
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[19.] As other examples, the four planes, 



(83) 



have for their quinary equations, 

x + y + g = 2w + v, x + y^% = w+2v, x+y + z+v = 4w, 

x + y + z + w = 4w, (84) 

and for their quinary symbols, 

[11121], [11112], [11141], [11114]; (85) 

they have therefore a common, trace, namely the line 

[111], oriVc", (86) 

because, by (49) and (54), we may now write, 

a" =(011), b" = (101), c" = (lTo), (87) 

and the coordinates of each of these three last points satisfy the equation, 

x+y + z = 0. (88) 

Accordingly, because we have, by (60) (61) (62) (63), the three following 
sets of symbolical equations of the form (72), 

(a") = (b,) - (c.) = (b 2 ) - (c 2 ) = (b'O - (c\) = (b' 2 ) - (c 2 ), ) 

(b") = (c,) - (A,) = (c 2 ) - (a 2 ) = (c',) - (A',) = (c' 2 ) - (a' 2 ), [ (89) 

(C") = (A,) - (B.) = (A 2 ) - (B 2 ) = (A',) - (B'O = (A',) - ( B ' 2 ), J 

we see that the point a" is the common trace o£ the four linen, BjCj, b 2 c 2 , 
b'iC',, b' 2 c' 2 ; b" of c,Ai, c 2 a 2 , c'iA^, c' 2 a' 2 ; and c" of AiB 1; AjB 2 , a'jb'i, a'jb'j, 

[20.] In all such cases as these, in which we have to consider a set 
of three points p, or a set of three planes H, of which the first is geometri- 
cally derived from abcde according to the same rule of construction, as that 
according to which the second is derived from bcabe, and the third from 
cabbe, we can symbolically derive the second from the first, and in lite 
manner the third from the second, (or again the first from the third,) by 
writing, in each case, the third, first, and second coefficients, or coordi- 
nates, in the places of the first, second, and third, respectively. In symbols, 
we may express this law of successive derivation, of certain syntypical 
points or planes [9.] from one another, by the formulae, 

if p(abc) = (xyzwv), then p(bca) = (zxytov), and p(cab) = (ystxwv); (90) 

and if 

II(abc) = [Imnrs], then II(bca) = [nlmrs~\, and II(cab) = [mnlrs~); (91) 

as has been already exemplified in the systems (27), (60), (61), (62), 
(63), (77), (81), (87), tor points or planes, and in (82) for lines, con- 
sidered as traces of planes. In all these cases, therefore, we can, with 
perfect clearness and definiteness of signification, abridge the notation, by 
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writing only the first (or indeed any one) of the three equations (90) or • 
(91), and then appending an " &c." ; for the law -which has heen just 
stated will always enable us to recover (or deduce) the other two. We 
may therefore briefly but sufficiently express several of the foregoing re- 
sults, by writing, 

a = (100), &c; a' = (011), &c; a" =(011), &c. ; a„ = (111),&c.;" 

a, = (10001), &c; a 2 = (10010), &c. ; \\ = (10001), &c; [(92) 

a' 2 = (lOOlO), &c. ;. 

Plane ade = [01100], &c. ; Line ADiA' = [Oil], &c. ; (93) 

to which we may add these other symbols of planes and lines, each sup- 
posed to be followed by an " &c." : 

plane bcd = [10001] ; bce = [10010]; trace = bc = [100] ; (94) 

plane db'b^'c, = [11101]; eb'b 2 c'c 2 = [11110]; _ T , . 

trace = b'c'a" = [111] / ^ b > 

plane ABiCaC^ = [01 111]; trace = aa" = [011]; (96) 

this line aa" passing also, by (77), through the two points b andc ; 

plane BABi = [21llT] ; B 2 c 2 Di = [21lfl] ; trace= DiA"= [211] ; (97) 

plane a'bjB,; = [21111]; trace = a'b = [211]; \ 

plane a'c^ =[21111]; trace = a'c = [211] ; j ( 98 ) 

where it may be noticed that the symbol for a'c^, or for a'c , may be 
deduced from that for a'b,b 2 or for a'b , by simply interchanging the 
second and third coefficients, or coordinates. It is easy to see that the 
quinary symbol for the plane abc itself is on the same plan [0001 1], the 
equation of that plane being w = v ; and it will be remembered that, by 
[18.], the ternary symbol for the point Di in that plane is (111). 

[21.] A right Line A in Space may be regarded in two principal 
views, as follows. 1st, it may be considered as the hem of a variable 
point p, collinear with two given points p , p i j a nd in this view, the 



*o(i>o)+^(pi), (comp.(72),) 

for the variable point upon the line, may be regarded as a Local Symbol 
(or Point-Symbol) of the Line A itself. Thus 

(080, or (0y%), (99) 

may either represent an arbitrary point on the line bc ; or, as a local 
symbol, that line itself. Or Ilnd, we may consider a line A as a hinge, 
round which a plane II turns, so as to be always collinear [7.] with two 
given planes n„, II, through the line ; and then a symbol of the form 

<«[n ]H[n,], (comp.(25),) 
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which represents immediately the variable plane II, may be regarded as 
being also a Tangential Symbol (or Plane- Symbol) for the Line A. For 
example, the line bc may thus be represented, not only by the local sym- 
bol (99), but also by the tangential symbol, 

[°00tu], if <r = t + u, and <r = - a. (100) 

In fact, this last symbol can be derived, by linear combinations, from the 
symbols (94) for the two planes bcd, bce, which intersect in the line bc; 
and if any particular value be assigned to the ratio t : u, ' a particular 
plane through that line results. But it is time to apply these general prin- 
ciples to the Geometrical Net in Space. 

Past II.— Applications to the Net in Space: Enumeration and, Classifica- 
tion of the Lines, Planes, and Points of that Net, to the end of the 
Second Construction. 

[22.] The data of the Geometrical Net are, by [1.], the five points 
abode, or p ; of which the quinary symbols (27) have been assigned, and 
shown to be syntypical [9.] ; and also the ternary symbols (92) of the 
three first of them. Of these the symbol 

A =(100) 

may be taken as the type ; and the point a itself may be said to be a 
First Typical Point. 

[23.] The derived lines A lt of First Construction [1.], are the ten 
following, 

bc, &c. ; da, &c. ; ea, &c. ; and de ; 

the " &c" being^interpreted as in [20.] ; and each line A t connecting, 
by its construction, two points p . Among these the line bc may be se- 
lected, as a First Typical Line ; and its symbols [21.], namely, 

(Oys), and [SOO^m], 

whereof the former represents this line bc considered as the locus of a 
variable point, while the latter represents the same line considered as the 
hinge of a variable plane, may be taken as types (the point-type and the 
plane-type) of the group of the ten lines A x . 

[24.] The derived planes Tli of first construction are in like manner 
ten; namely, 

adb, &c. ; bce, &c. ; bcd, &c. ; and abc, 
each obtained by connecting three points p„. Of these the last has, by 
[20.] the quinary symbol, 

abc = [000 lT], 
which may be taken as a type of the group rii ; and the plane abc itself 
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may be called a First Typical Plane. As a verification, we see that 
when we make <r = tf + w = 0, in the second symbol [23.], and divide by 
t, we are led to the recent symbol for abc, as one of the planes which 
pass through the line bc. 

[25.] The derived points p„ of the same first construction, which are 
all, by [1.], of the form A, • ITi, are in like manner ten ; namely the in- 
tersections, 

bc • ade, &c. ; da • bce, &c. ; ea • BCD, &c. ; and DE • ABC, 

which have been denoted in [14.] and [15.] by the letters, or literal 
symbols, 

a', &c. ; a 2 , &c. ; Aj, &c. ; and » 1( 

and for which quinary symbols (49) (54) (60) (61) have been assigned. 
Of these ten points four, namely a', b', c', Dj, are situated in the plane abc, 
and have accordingly been represented [20.] by ternary symbols also : 
and we may take the particular symbol of this sort, 

a' = (011), 

as a type of this group p x ; understanding, however, that the full or qui- 
nary type is to be recovered from this ternary type, by restoring the two 
omitted zeros ; so that we have, more fully, 

a' = (01100) = (10011). 

And the point t! itself may be considered as a Second Typical Point. 

[26.] "We have thus denoted, by literal and by. quinary symbols, 
whereof some have been abridged to ternary ones [17.], and have been 
also represented by types [9.], not only the five given points p , but all the 
ten lines A„ ten planes n 1( and ten points p„ of what has been called, in 
[1.], the First Construction. And it is evident that we have, at this 
stage, ten triangles i 1; namely the ten, 

ate, &c. ; bce, &c. ; bcd, &c. ; and abc, 

whereof each is contained in a plane ITj ; and also five pyramids e„ each 
bounded by four of these triangles, namely the pyramids, 

BCDE, CADE, ABDE, ABCE, ABCD, 

which may be called the pyramids a, b, c, d, e ; each being marked by 
the literal symbol of that one of the five points p , which is not a corner 
of the pyramid. 

[27.] It may be remarked, that ten arbitrary lines in space intersect, 
generally, ten arbitrary planes, in one hundred points; but that this 
number of intersections Ax • 1^ is here reduced to fifteen, whereof only ten 
are new ; because each of the ./foe points p c counts as twelve, since in each 
of those points four lines cut (each) three planes, while each of the ten 
planes contains three lines ; so that thirty binary combinations are not cases 
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of intersection, and sixty such, oases conduct only to the Ave old (or given) 
points. This sort of arithmetical verification of the accuracy of an enu- 
meration of derived points, or lines, or planes, will be found useful in 
more complex cases, although it was not necessary here. 

[28.] Proceeding to a Second Construction [1.], we may begin by 
determining the lines A 2 , whereof each connects some two (at least) of the 
fifteen points P , p lf but not any two of the five points p , since otherwise 
it would be a line A[. If the 15 points to be connected were indepen- 
dent, fiiey would give, generally, by their binary combinations, 105 lines; 
but the ten collineations of construction, 

bca', &c. ; DAAj, &c. ; eaAj, &c. ; and EDDi, 

show that 30 of these combinations are to be rejected, as giving only the 
ten old lines. The remaining number, 75, is still farther reduced by the 
consideration that we have (comp. (79)) the fifteen derived collineations, 

aa'd,, &c. ; AB]C 2 , &c. ; ac,b 2 , &c. ; da'a^ &c. ; ea'a 2 , &c. ; 

which represent only fifteen new lines, of a group which we shall denote 
by A 2 , i> but count (comp. [27.]) as 45 binary combinations of the 1 5 points. 
There remain therefore only 30 such combinations to be considered; and 
these give in fact a second group, A 2 , 2 , consisting of thirty lines of second- 
construction : namely, the thirty edges of the five new pyramids e 2 , 

c'b'AjA!, a'c'b 2 Bi, b'a'c 2 Ci, AaBaC,!)!, AjBiC^i, 

which are respectively inscribed in the five former pyramids k, [26.], 
and are homologous to them, the five given points a . . e being the respec- 
tive centres of homology ; for example, c' = ab • cde, &c. The correspond- 
ing planes of homology will present themselves somewhat later, in con- 
nexion with the points p 2 . 

[29.]. On the whole, then, there are only forty-five distinct lines of 
second construction A 2 ; and these naturally divide themselves into two 
groups, of 15 lines A 2)1 , and 80 lines A 2 , 2 , as above. Each line of the first 
group A 2 , , connects one point v with two points Pj ; as each line Aj had 
connected one point Pj with two points p ; but no line of the second group 
A 2 , 2 connects, at this stage of the construction, more than two points, which 
are both points Pj. Through no point p , therefore, can we draw any line 
A 2)J ; but through each point p we can draw^ra* lines A 2)1 ; and each of 
these is determined as the intersection of two planes I^ through that 
point, or as crossing two opposite edges of that pyramid Ei, which has not 
the point p for a corner (comp. [26.]) : for example, aa'd, is the inter- 
section of abc, adb, and crosses the lines bc, be. And besides being, as 
in [28.], the edges of certain other and inscribed pyramids b 2 , the 30 lines 
A 2 , 2 are also the sides of ten new triangles t 2 , namely, 

d,a,a.,, &c. ; c^a', &c. ; c 2 b 2 a', &c. ; and a'b'c', 

situated in the ten planes H,, and inscribed in the ten old triangles t„ to 
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which also they are homologous ; the corresponding centres of homology 
being the ten points p,, in the same order, 

a', &c. ; a 2 , &c ; Aj, &c. ; and »i, as before. 

The axes of homology of these ten pairs of triangles x it t 2 , will offer them- 
selves a little later, in connexion with points p 2 . 

[30.] All this may be considered as evident from geometry alone, at 
least with the assistance of literal symbols, such as those used above. 
But to deduce the same things by calculation, with quinary symbols and 
types, on the plan of the present Paper, we may observe that the sym- 
bolical equation, 

(10000) + (01100) + (00011) = (11111), 

considered as a type of all equations of the same form, proves by (18) 
or (72) that each point ? t can, in three different ways, be combined with 
another point Pj, so that their joining line shall pass through a point p ; 
and that thus the group of the 15 lines A„, arises, of which the line 
aa'd ; is a specimen, and may be called a Second Typical Line (the first 
such line having been bc, by [23.]). The complete quinary symbol of a 
point on this line is (tuuvv), which, is however congruent to one of the 
form (tuuOO), and may therefore be abridged to the ternary symbol (tuu), 
or (xyy) ; and the quinary symbol of a plane through the same line is of 
the form [Ommrf], or [0#«w] ; we may therefore, by [21 .] (comp. [23.]) 
consider the two expressions, 

Ow)i and [0 <<««], 

as being not only heal and tangential symbols for the particular (or typi- 
cal) line aa'd! itself but also local and tangential types for the group A 2 , ! ; 
or as the point-type, and the plane-type, of that group. 

[31.] The two points p„ of which the quinary symbols have been 
thus combined in [30.], had no common coordinate different from zero ; 
but there remains to be considered the case, in which two points of that 
group have such a coordinate : for example, when the points have for 
their symbols, 

(10100) and (11000), or (101) and (110). 

The point-symbol and plane-symbol of the line A 2 connecting these 
two points p, are easily seen to be (with the same significations of <r and 5- 
as before), 

(otuOO), or (atu), and [tttua] ; 

but no choice of the arbitrary ratio, t : u, with a=t + u, will reduce the 
symbol {atu) to denote any one of the 1 5 points p 0) p„ except the two points 
p, (in this example, b' and c*), by joining which the line is obtained; 
considering therefore the two last symbols as types, we see that they re- 
present a second group, consisting of thirty lines A 2 , 2 ; but that there 
can be no third group, of lines A 2 of second construction. The particular 
line b'c', which the symbols in the present paragraph represent, may be 
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taken as typical of this second group ; and may be called (comp. [23.] 
and [30.]) a Third Typical Line of the System, or Net, determined by 
the five given points a . . e. And the pyramids b„ b^, and triangles 
t u t 2 , of first and second constructions, of which the literal symbols have 
been assigned in [26.] [28.] [29.], might also have easily been suggested 
and studied, by quinary symbols and types alone. 

[32.] As regards the Planes n 2 of Second Construction [1.], it is ea- 
sily seen that no such plane contains any two points p , or any one line 
Ai; for example, the first typical line bc [23.] contains the point a'; and 
if we connect it with any one of the four points a, b', c', d„ we only get a 
plane n lf namely abc ; if with d,A!,b 2 , or c^, we get another plane H lt 
namely bcd ; and if with any one of the four remaining points e, a 2 , b^ Ci, 
the plane bce is obtained. Accordingly, the general symbol pOOtfw], in 
[23.], for a plane through the line bc, gives a = 0, or t = 0, or u = 0, 
when we seek to particularize it, by the first, the second, or the third of 
these three sets of conditions respectively. 

[33.] But if we take the symbol [Ottuu], in [30.], for a plane 
through the second typical line aa'd^ and seek to particularize this 
symbol by the condition of passing through some one of the eight points 
p, which are not situated upon it, we are conducted to the following 
results. The points b', c' give t = 0, and the points a„ a z give u = ; 
these points therefore give only two planes n u namely the two planes 
abc and ade, of which the line A 2 , i is the intersection. But the points 
b„ c 2 give t = u, and the points c„ b 2 give t = - u ; these points there- 
fore give two planes of a new group, II 2 , „ namely (comp. [20.]) the two 
following : 

plane aa'diB^ = [01111] ; plane aa'DiC,b 2 = (01111] ; 

which are of the same type as the plane (96), namely, 

plane ab,c 2 c 1 b 2 = [01111]. 

There are fifteen such planes n 2 ,„ as the type sufficiently shows ; each 
passes through one point p , and contains two lines A 2j] , containing also 
four lines A„ 2 ; as, for instance, the last-mentioned plane ab 1 c 2 c,b 2 , which 
we shall call (comp. [24.]) the Second Typical Plane, contains the two 
lines ab,c 2 , aCjBj [28.], and the four lines b,c„ c,c 2 , c 2 b 2 , b 2 b,; that is to 
say, the two diagonals and the four sides of the quadrilateral b^^b,, of 
which the plane n 2 , x passes through a. 

[34.] We have now exhausted all the planes n 2 which contain any 
point p ; but there exists a second group of planes, n 2 , 2 , each of which 
is determined as connecting three points p„ although passing through no 
point p ._ Thus if we take the third typical line b'c' [31.], and the 
symbol [t ttu 5] for a plane through it, we get indeed t - 0, or a plane II,, 
namely, abc, if we oblige the plane through b'c' to contain a, or b, or 
c, or a', or n, ; and we get u = 0, or [11101], or a plane n 2 , „ namely 
db'b,c'c„ as in (95), if we oblige it to contain d, or b„ or c, ; while we 
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get «r = 0, or [11110], or bb'b 2 o'oj, again as in (95), if we oblige it to 
contain e, or b 2 , or c 2 . But there remain the two points a, and a 2 , de- 
termining the two new planes b'c'a, and b'c'a 2 , for the former of which 
we have t + a = 0, or u = - 2t, <r = - t, and therefore have the symbol 
[11121] ; while for the latter we have u = t, <r = It, and therefore the 
syntypical symbol [11112]. There are twenty planes of this group Il2,„ 
as may be at once concluded from inspection of the type ; among which 
(comp. [19.]) we shall select the following, 

plane a^c, = [11121], 

and call this a Third Typical Plane. And it is evident that these 20 
planes n 2 , 2 are the twenty faces of the five inscribed pyramids b 2 [28.], 
of which the edges have been seen to be the thirty lines A 2 , 2 . On the 
whole, then, there are only thirty -five planes Tl 2 of second construction ; 
which thus divide themselves into two groups, of fifteen and twenty, re- 
spectively. 

[35.] To verify arithmetically (comp. [27.] [28.]) the completeness 
of the foregoing enumeration of the planes n„ we may proceed as fol- 
lows. In general, fifteen independent points would determine 455 planes, 
by their ternary combinations; but the 25 collineations [28.], which 
give only the lines A„ A 2 , „ account for 25 such combinations, leaving 
only 430 to be accounted for, by so many triangles. Now each plane 
n, contains three points p , and four points p lf connected by six colli- 
neations ; it contains therefore 29 (= 35 - 6) triangles, and thus the ten 
planes 1^ account for 290 triangles, leaving only 140, situated in planes 
II 2 . But each of the 15 planes n 4M contains one point p , and four 
points p„ connected by two collineations; it contains therefore 8 
(= 10-2) triangles, and thus 120 are accounted for, leaving only 20 ter- 
nary combinations to be represented, by triangles in other planes n 2 . 
And these accordingly have presented themselves, as the twenty faces 
n 2 , o of the five inscribed pyramids b 2 . It must be mentioned, that the 
enumeration and classification of the foregoing lines and planes had been 
completely performed by Mobius, although with an entirely different 
notation and analysis. 

[36.] It is much more difficult, however, or at least without the aid 
of types it would be so, to enumerate and classify what we have called 
in [1.] the Points P 2 of Second Construction; and to assign their chief 
geometrical relations, to each other, and to the five given and ten (for- 
merly) derived points, p and Pj. In fact, it is obvious that these new 
points p 2 , being (by their definition) all the intersections of lines A! or 
A 2 with planes Hi or n 2 , which have not already occurred, as points p„ 
or p„ may be expected to be (comp. [2.]) considerably more numerous, 
than either the lines or the planes themselves. 

[37.] The total number of derived lines and planes, so far, is exactly 
one hundred; namely, 55 lines A, and 45 planes n, of first and second 
constructions. Their binary combinations, of the form An, are there- 
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fore 2475 in number ; but as it is not difficult to prove that there are 
240 distinct cases of coincidence of line with plane (or of a plane con- 
taining a line), we must subtract this from the former number, and thus 
there remain only 2235 eases of intersection, of the kind which we have 
proposed to consider. Every one, however, of these 2235 cases, must be 
accounted for, either as a given point p , or as a derived point Pj of first 
construction, or finally as one of those new points Pj, of which we have 
proposed to accomplish the enumeration, and to determine the natural 
groups, as represented by their respective types. 

[38.] "We saw, in [27.], that each point p , as for instance the point 
a, represents twelve intersections of the form A, • Hi ; and it is easy to 
prove that the same point p represents twelve other intersections of the 
form A! • n 2 , i ; twelve, of the form A 2 , i • Tl t ; and three, of the form 
A s ,i • n 2 ,, ; but none of any other form. It represents therefore, on the 
whole, a system of 39 intersections, included in the general form A • II ; 
and we must, for this reason, subtract 195 (= 5 x 39) from 2235, leav- 
ing 2040 other cases of intersection of line with plane, to be accounted 
for by the old and new derived points, p, and p 2 . 

[39.] An analysis of the same kind shows, that each of the ten points 
of first construction, as for example the typical point a' [25.], represents 
one intersection of the form Ai • IIj ; six, of the form A! • n 2)1 ; six, of the 
form A, • n 2 , 2 ; six, of the form A s ,, • IT! ; twelve, of the form A 2)l • n„, ; 
eighteen, of the form A„, • n 2)2 ; eighteen, of the form A 2 , 2 - n,; twenty - 
four of the form A 2 , 2 ■ n 2 , y ; and twenty-four others, of the remaining 
form A 2 , j • n 2 , 2 . It represents, therefore, in all, 1 1 5 intersections A • n ; 
and there remain only 890 (= 2040 - 1150) cases of intersection to be 
accounted for, or represented, by the points p, of which we are in search. 
But all these 890 cases of intersection must be accounted for, by such 
new points, if the investigation is to be considered as complete. 

[40.] A. first, but important, and well-known group of such points 
p 2 , consists of the ten points (already considered in Part I. of this Paper), 

a", &c. ; a' 2 , &c. ; a'„ &c. ; and d'„ 

namely, the harmonic conjugates of the ten points p„ with respect to the 
ten lines A„ which we shall call collectively the points, or the group, p 2 , , ; 
and among which we shall select the point 

a" = (011), 

as a Third Typical Point of the Net. In fact, it is what we have called 
a point p 2 , because, without belonging to either of the two former 
groups, p , p„ it is an intersection A, "112,2; or rather, it represents six 
such intersections, of the line bc with planes of second construction, and 
of the second group : namely, with two such through b'c', two through 
b 2 c 2 , and two through b,c 1( being pairs of faces [28.] of three pyramids 
Ej, inscribed in those three pyramids e 1; which have been distinguished, 
in [26.], by the letters a, n, e. The same point a" is also the intersec- 
tion of the same line bc with three planes n 2 , , ; namely, with the three 
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which connect, two by two, the three lines B'tf, b 2 c 2 , b,c„ and oontain 
the three points a,d,e. It is also, in six ways, the intersection of one or 
other of these three last lines A 2 , 2 , with a plane III ; in three ways, with 
a plane II 2 , , ; and in twelve ways, with a plane Il 2 , 2 ; so that a single 
point p 2 , , represents thirty intersections of the form A • II; and the group 
of the ten such points represents 300 such intersections. We have there- 
fore only to account for 590 (= 890 - 300) intersections A • II, by other 
groups p 2 , 3 , &c, of points of second construction. 

[41.] A second group, p s , „ of such points p 2 , has already presented 
itself, in the case of the traces a , b , Co [18.], of the lines a,a 2 , b,b 2 , c,^, 
on the plane abc. The ternary symbol of the point Ao has been found 

(77) (92) to be (111); its quinary symbol is therefore (11100), which is 
congruent (10) with (20011) ; hence in the full, or quinary sense [9.], 
this point Ao is syntypical with the following other point, in the same plane 

ABC, 

a'" = (211), 

which we shall call a Fourth Typical Point, and shall consider as repre- 
senting the group p 2 , s ; this group consisting of thirty such points, 
namely of two on each of the 15 lines A.J, ,. 

[42.] Each of these thirty points p 2 , 2 represents seven intersections of 
line with plane ; namely, two of each of the three forms, A J; i • n 2 , i, 
As, i ■ n 2 , ^ A 2 , 2 ■ n 2 , i, and. one of the form A 2 , „ • rii. For example, the 
typical point a'", which is the intersection of the two lines aa'd, and b'c', 
is at the same time the intersection of the former line A„ , with each of 
four planes II 2 which contain the latter line A 2 , 2 ; being also the inter- 
section of this last line b'c' with a plane n„ namely ade, and with two 
planes II,, , which contain the first line aa'd,. The group p 2 , 2 represents 
therefore 210 intersections A-n; and there remain only 380 (= 590 
- 210) intersections of this standard form, to be accounted for by other 
groups of second construction, such as p 2 , 3 , &c. 

[43.] In investigating such groups, we need only seek for typical 
points ; and because every such point is on a line of one of the three forms, 
A i> A 2 , i> A 2 , 2 , we may confine ourselves to the three typical lines, 

bc, aa'd,, b'c* ; or (Otu), (tuu), (<rtu) ; 

in which, as before, <r = t + u, and in which the ratio of t to u is to be 
determined. And because a line in the plane abc intersects any other 
plane in the point in which it intersects the line which is the trace of the 
latter plane upon the former, we need only, for the present purpose, con- 
sider these lines, or traces : whereof there are, by what has been already 
seen, seven distinct ternary types, namely the following : 

[100], [011], [111], [111], [011], [211], [211]; 
which answer to the seven typical traces of planes, 

bc, aa'd,, b'c', a"b"c", aa", d,a", a'c . 
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There nre 22 (= 3 + 3 + 3 + 1 + 3 + 3 + 6) such lines, answering to 44 
(=3.2 + 3.3+3.4 + 1.2 + 3.1+3.2+6. 1) planes; namely to all 
the 45 planes ill, n 2 , except the particular plane abc, on which the traces 
are thus taken. And we have now to combine these seven types of lines, 
with the three symbols of points, (Otu), (tun) (<rtu), according to the ge- 
neral law, Ix + my + nz = (76). 

[44.] The line bc is itself one of the three traces of the first type ; 
and it intersects the twelve other traces, of the five first types, only in 
points which have been already considered. The line aa'd, is, in like 
manner, a trace of the second type ; and it gives no new point, by its 
intersections with the eight other traces, of the three first types; but its 
intersection with the common trace a"b"c", of the two planes a^c, and 
a,b,c 2 [19.], which is the only line of the fourth type, gives what we 
shall call a Fifth Typical Point, namely the following : 

a"= (211) ; or more fully, a' t = (21100) = (30011). 

This last quinary symbol shows that the point a" is eyntypical with this 
other point in the plane abc, 

a," =(31100) = (311); 

so that this plane contains six points p 2 , 3 , which (in the quinary sense) 
belong to one common group, although their two ternary types are diffe- 
rent. In fact, the point a," is the common intersection of the line aa'b, 
with the two planes [12 111] and 11211], or b'c,c 2 and c'b,b 2 , as the point 
a" is the common intersection of the same line with the two planes 
[11121] and [11112], or AiB,c, and AjB s c 2 , as above. 

[45.] There are thirty distinct points p 2 , 3 , of this third group of se- 
cond construction ; and each represents two (but only two) intersections, 
which are both of the form A 2 , i • n* j. The group therefore represents a 
system of 60 intersections A • n ; and there remain only 320 (=380- 60) 
such intersections to be accounted for by other points, or groups, such as 
p 2 , 4, &e. It will be found that we have now exhausted all the points, 
or groups, of second construction, which are situated on lines A 2 , , ; but 
that two other groups of points p 8 may be determined on lines A„ by 
combining the typical line bc with the two last sets of traces [43.] as 
follows. 

E46.1 Combining thus bc with d,c" and d,b", or with the traces [112] 
121], we get the two following points, of a fourth group of second 
construction, 

a* = (021) ; a\ = (012) ; 

whereof the former may be taken as a Sixth Typical Point. There are 
twenty points of this group p 2 , 4 , whereof each represents three intersec- 
tions, of the form Ai • n 2 , 2 ; for example, the typical point a" is the com- 
mon intersection of the line bc with the three planes c'a,a 2 , d,a,b„ d,a 2 b,; 
the group therefore represents sixty intersections A • n, and there remain 
260 (= 320 - 60) to be accounted for. 

B. I. A. PEOC. VOL. TIL 4 H 
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[47.] Again, combining bc with c'bo, and with b'c , or with [112] and 

[121], we get the two following other points, belonging to &fifth group 
of second construction, 

a" =(021); a," = (012); 

whereof the first may be said to be a Seventh Typical Point. There are 
twenty points of this new group p 2 , 6 , whereof each represents only one 
intersection, of the form A, • n 2 , 2 ; for example, a" = bc • c'b,b 2 . We 
are therefore to subtract 20 from the recent number 260 ; and thus there 
remain still 240 intersections to be accounted for, by new points p a upon 
the lines A 2 , 2 , : since the lines A, as well as A 2 , , have been exhausted, 
as on examination will easily appear. 

[48.] The line b'c' intersects the traces bb" and cc" of the. fifth type 
[43. j in the two following points, of a sixth group of second construction, 

a™ = (-121); A, ra =(ir2); 

whereof the former may be called an Eighth Typical Point. There are 
sixty points of this new group, p 2 , 6 , whereof each represents one inter- 
section, of the form A,, 2 • II,, ,; for example, a to is the intersection of the 
line b'c' with the plane bc,a 2 a,c 2 ; there remain therefore 1 80 (= 240 - 60) 
intersections A ■ II to be still accounted for, by other points v % , on the 
same set of lines A 2 , 2 . 

[49.] The traces d,b", b,c", which belong to the sixth type [43.], in- 
tersect the line b'c' in two new points, namely, 

a™ =(321); a,™ 1 = (312); 

which belong to a seventh group p 2 , 7 , of second construction, and of which 
the former may be regarded as a Ninth Typical Point. There are sixty 
points of this group, namely two on each of the 30 lines A 2 , 2 ; and each 
is the intersection of one such line with two distinct planes II 3 , 2 ; their 
group therefore represents a system of 120 such intersections; and only 
60 (= 1 80 - 1 20) intersections remain to be accounted for, by other points 
of this last form, Aj, 2 - n 2 , 3 . 

[50.] Accordingly, when we combine the line b'c' with the traces 
a'c , a'bo, which are of the seventh type [43.], we obtain, for the inter- 
sections of that line A„ 2 with two new planes IIj, 2> namely with a'c,c, 
and a'BjBjs (98), two new points, belonging to a new or eighth group p 2 , e 
of second construction, namely, 

a" =(231); a,-- (213); 

whereof the former may be selected, as a Tenth (and, for our purpose, 
last) Typical Point : for the sixty points of this last group represent 
each one intersection, and thus account for all the intersections which 
lately remained [49.], after all the preceding groups had been ex- 
hausted. 



555 

[51.] We are now therefore enabled to assert that the proposed Enu- 
meration of the Points p 2 of Second Construction, and the proposed Classifi- 
cation of such Points in Groups, have both been completely effected. For 
the number of such groups p 2 , „ . . p 2 , 8 has been seen to be eight, repre- 
sented by the 8 typical points, a" . . a™ ; which, along with the first given 
point a, etai the first derived point a', make up a system of ten types, as 
follows : 

A =(100); a' = (011); a" = (011); a'" =(211); A ,r =(211); 

A T = (021); A"=(02l); A Tn =(121); a™ =(821); a"=(231); 

and the number of the points p 2 is (10 + 30 + 30 + 20 + 20 + 60 + 60 
+ 60 =) 290 ; so that, when combined with the points p„ they make 
up a system of exactly three hundred points, p„ p s , derived from the five 
points p . 

[52.] It is to be remembered that the three other ternary types, 

D, = (111), A =(Ill), A," = (311), 

have been seen to represent points wliich are, in the quinary sense, syn- 
typical with a', a'", a ,t , and therefore belong to the same three groups, 
p„ p 2)3 , p 2 , 3 ; all these three points being in the plane abc, and on the 
line aa'b,. And it is evident that the five other points, 

A/ =(012); a," = (012); a,™ =(112); a,"" =(312); a," = (213), 

belong (as has been seen) to the same five last groups, p 2ll , . . p 2 , 8 , as the 
five points above selected as typical thereof, namely the points a* . . a", 
and are situated on the same two typical lines, bc and b'c'. The tran- 
sition from a' to b', c', or from a" to b", c", &c, is very easily made, by 
a rule already stated [20.] ; and therefore it is unnecessary to write 
down here the symbols for these derived points, b', b", &c, or c', c", &c. 
But we must now proceed, in the remainder of this Paper, to investi- 
gate some of the chief Geometrical Relations which connect the points, 
lines, and planes of the Net, so far as they have been hitherto deter- 
mined : namely, to the end of the Second Construction. 

Part III. — Applications to the Net, continued : Enumeration and Clas- 
sification of the Collineations of the Fifty-Two Points in a Plane of 
First Construction. 

[53.] The plane abc has been seen to contain, besides the three points 
p which determine it, four points p„ namely a', b', c', and d, ; and it 
contains forty-five points p 2 , namely the three points a", b", c" of the group 
p 2 ,„ and six points of each of the seven remaining groups of second con- 
struction. This plane II, eontains therefore fifty-two points r , p„ p 2 ; 
and we propose to examine, in the first place, the various relations of col- 
linearity which connect these different points among themselves : intend- 
ing afterwards to investigate their principal harmonic and involutionary 
telations. 
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[54.] The points on the first typical line bc [23.] are, in number, 
eight; their literal symbols being, by what precedes, 

B, C, A , A , A , A l j A , Aj , 

the ternary symbols corresponding to which have been shown to be, 

(010), (001), (Oil), (Oil), (021), (012), (021), (012). 

In fact, that these eight points are all on the line bc, is evident on mere 
inspection of their symbols, which are all of the common form, 

(0y S ) [23.]. 

[55.] The points on the second typical line, aa' [30.], are in number 
seven : their literal symbols being, 

A, A , Dj, A , A , A , A t , 

and their ternary symbols being, 

(100), (011), (111), (211), (111), (211), (311). 

In fact, each of these seven symbols is evidently of the form (tuv), or 
{xyy) [30.]. 

[56.] The points on the third typical line, b'c' [31.], are in number 
ten ; namely the points, 

B' n' k f > k'f A T " A T " A V1 " A Tm A IX A IX 
, C, A , A , A , A, ,A ,A, , A , A , 

of which the ternary symbols are, 

(101), (110), (011) (211), (12l), (112), (321), (312), (231), (213); 

each of these ten symbols being of the form (rtu) [31.], with <r = t + u, 
as before. 

[57.] These three typical lines, in the plane abc, which may be de- 
noted by the ternary symbols, [100], [Oil], [111], and represent a sys- 
tem of nine lines \, A 2 in that plane II,, are also three typical traces [43.] 
of other planes thereon ; and the remaining traces of such planes are in 
number thirteen, represented by four other lines, as types : of which lines, 
considered as such traces, the ternary symbols have been found [43.] to 
be, 

[111], [011], [211], [2lT]; 

answering to the literal symbols, 

a"b"c", aa", d,a", a'c , 

and serving as abridged expressions for the four equations of ternary 
form, 

x + y + % = 0, y + s = 0, 2x = y + z, 1x = y - s. 
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[58.] Each of these four last lines passes through six points ; thus 

the trace [111] passes through the points (Oil) (101) (llo) (211) 

(121) (112), or through a" b" c" a" b" c ,v ; [Oil] through (100) (Oil) 

(111) (111) (211) (211), orAA"B CoC'-b,™ ; [211] through (111) 

(Oil) (102) (120) (213) (231), or d, a" b t c/ c™ b,™ ; and [211] 

through (Oil) (111) (131) (120) (102) (231), or a' c„ b, ,t c, T b t ' a" ; 
the correctness of the ternary symbols heing evident on inspection, if the 
law Ix + my + n% = (76) be remembered : and the literal symbols being 
thence at once deduced, by [51.] and [52.]. 

[59.] So far, then, that is when we attend only to the twenty-two 
traces [43.] of planes n„ n 2 on the plane abc, we find a system of three 
collineations of eight points ; three of seven points ; three of ten points ; 
and thirteen of six points each. Each collineation of the first of these 
four systems counts as 28 binary combinations of the 52 points in the 
plane [53.]; each of the second system counts as 21 such combinations; 
each of the third system as 45 ; and each of the fourth as 15. "We there- 
fore account, in this way, for 84 + 63 + 135 + 195 = 477 binary combi- 
nations; but the total number is 26.51 = 1326 ; there remain then 849 
to be accounted for, by lines A 3 which are not traces, of any one 'of the 
foregoing groups. 

[60.] In seeking for such new lines, it is natural to consider first 
those which pass through one or other of the three given points a, b, c ; 
and the types of such are found to be the five following, each represent- 
ing a new group of six lines A 3 : 

[021]; [021]; [031]; [032]; [031]. 

As symbols, these answer respectively to the five new lines : 

(100) (112) (012) (112) (312), or ac" a," a,"' c™ ; 

(100) (112) (012) (112) (312), or ac'" a, t b™ aT" ; 

(100) (113) (213), or ac, ,v c Tra ; 

(100) (123) (123), orA Cl " B B"; 

(100) (213), or aa,". 

We have thus twelve lines A 3 , each connecting a point p , with foter 
points p 3 , and counting as ten binary combinations ; twelve other lines, 
each connecting a point p with two points p 3 , and counting as three 
such combinations ; and six lines, each of which connects a point 
p with one point p 2 , and counts as only one combination. In this man- 
ner, then, we account for 120 + 36 f 6 = 162, out of the 849 which had 
remained in [59.]; but there still remain 687 combinations to be ac- 
counted for, by new lines of third construction, which pass through no 
given point. 
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[61.] Considering next the new lines which connect a point of the 
first construction, with one or more points of the second, we find these 
five new types, 

[811] j [122]; [123]; [133]; and [134]; 

which as symbols denote the five lines, 

(Oil) (121) (112); (Oil) (201) (210); (111) (210) (121); -. 

(Oil) (312); (111) (132); | 

or a' b" a," 1 ; a' b, t o" ; d, c" c," 1 ; a' &.?" ; and b, c, a ; 

but as types represent each a group of six lines. We thus get 18 new 
lines, each passing through 1 point p„ and 2 points p 2 ; and 12 other 
lines, each connecting a point v t with only one point p,.. And theBe 
thirty lines A 3 account for 54 + 12 = 66 binary combinations of points ; 
leaving however 621 such combinations to be accounted for, by new 
lines A 3 , of which each must connect at least two points p 2 , without 
passing through any point p or p„ and without being any one of the 
traces already considered. 

[62.] The symbol [233], which denotes a line passing through two 
points p 2 , namely, (Oil) and (311), or a" and a,", but through no other 
point, represents, when considered as a type, a group of three such lines ; 
and 40 other types, as for example [134], which as a symbol denotes the 

line (HI) (132), or a b* 1 *, are found to exist, representing each a group 
of six lines, whereof each connects in like manner two points p 2 , but 
only those two points. "We have thus a system of 243 new lines, which 
represent only so many binary combinations : and there remain 378 such 
combinations to be accounted for, by new lines A 3 , whereof each must 
connect at least three points ~e v 

[63.] For lines connecting three such points, and no more, it is found 
that there are twenty types ; whereof eight, as for instance the type 
[311], which as a symbol denotes the line (Oil) (121) (112), or a" b'" 
d", represent each a group of three such lines ; while each of the twelve 
others, like [123], which as a symbol denotes the line (111) (121) 
(210), or a b"' c v , represents a group of six lines. We have thus 96 
new lines, counting as 288 binary combinations : but we must still ac- 
count for 90 other combinations, by new lines A 3 , connecting each more 
than three points p 2 . 

[64.] Accordingly, we find three new types of lines, which alone 
remain, when all those which have been above exhibited, or alluded* 
to, are set aside : namely 

• It has been thought that it could not be interesting to set down all the types of 
lines, above referred to ; especially as those which relate to lines not passing through at 
least four points give rise, at the present stage of the construction, to no theorems of har- 
monic (or anhartnonic) ratio. 



559 

[124]; [124]; [112]. 

And these represent, respectively, groups of six, of six, and of three new 
lines, and therefore on the whole a system of fifteen new lines, each passing 
through four points p 2 , and consequently counting as six combinations; 
for example, as symbols, they denote the three following lines : 

(210) (211) (021) (231), or c T a" a t b,™ ; 

(210) (211) (021) (231), or c T C" a" a"; 

(201) (110) (021) (111), or b 1 "c"a"c„. 

But 6.15 = 90 ; we are therefore entitled to say, that all the 1326 binary 
combinations [59.], of the 52 points p , p„ p 2 [53.] in the plane abc, 
have now been fully accounted for. 

[65.] Collecting the results, respecting the collineations in the plane 
abc, it has been found that there are 261 lines a 3 , whereof each connects 
two, but only two, of the 52 points in that plane ; and that these lines, 
which at the present stage of the construction are not properly cases of 
collinearity at all, are represented by a system of 44 ternary types. 

[66.] There are 126 other lines A 3 , each connecting three (but only 
three) points ; they are represented by a system of 25 types ; and account 
for 378 binary combinations. 

[67.] There are 15 lines A 3 , each connecting four points p 2 ; they are 
represented by a system of 3 types, and account for 90 comhinations. 

[68.] There are 12 lines A 3 , each connecting one point p with, four 
points p a ; they are represented by 2 types, and represent 120 combina- 
tions. 

[69.] There are 13 other lines A 3 , namely the traces of planes n, or 
n 2 , whereof each connects six points, namely a point p or p, with five 
points p s , or else six points p 2 with each other ; they are represented by 
4 types, and account for 195 combinations. 

[70.] There are 3 lines A 2 , 2 , each connecting two points p! with 
eight points p 2 ; they have one common type, and represent 135 combi- 
nations. 

[71.] There are, in like manner, 3 lines A 2 , u each connecting one 
point p with two points p„ and with four points p 2 , but having only one 
common type ; and they represent 63 combinations. 

[72.] Finally, there are (in the same plane) 3 lines A 1; each con- 
necting two points p with one point p„ and with five points p 2 ; these 
lines also have all one type; and they account for 84 combinations : with 
the arithmetical verification, that 

261+378 + 90 + 120+195 + 135 + 63 + 84 = 1326=26.51; 

which proves that the enumeration is complete. 
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[73.] The total number of distinct lines, above obtained, is 261 + 
126 + 15 + 12 + 13 + 3 + 3 + 3 = 436 ; and the total number of their 
ternary types is 81. But */ we set aside (as conducting to no general 
metric relations) all those lines which contain fewer than four points, there 
then remain only forty-nine lines, and only twelve types, to be discussed, 
with reference to harmonic (or anharmonic) relations, of the points upon 
those lines. 

[74.] For the purpose of studying completely all such relations, it 
will therefore be permitted to confine ourselves to the three first typical 

lines, bc, aa', b'c', or [100], [Oil], [111] ; the four other typical traces, 
a"b"c", aa", d,a", a'c„, or [111], [Oil], [211], [211]; and>« new 
typical lines A 3 , connecting each at least four points : namely the two 
lines, [021] and [021], of [60.], whereof each connects the given point 
a with four points p 2 ; and the three lines[\24], [124], [112], of [64.], 
of which each connects four other points p 2 among themselves, but does 
not pass through any point Po, or p,. 

Paet IV. — Applications to the Net, continued : Harmonic and Invo- 
lutionary Relations, of the Points situated on the Twelve Typical Lines, in 
a Plane of First Construction. 

[75.] Commencing here with the examination of the last typical 
lines, because they contain only four points each, let us adopt, as tem- 
porary symbols, of the literal kind, the ten following : 

a = (210), b = (211), e = (021), d = (231) ; 

V = (211), c' = (021), <Z' = (231); 

«"=(2oi), *"=(iio), <r=(iiT): 

instead of the more systematic but less simple symbols, c T a" a' b,"" c™ 
a" a' 1 b," c" c„. 

[76.] The three lines referred to [64.], are then the three following : 

abed; ab'e'd'; a"b"c'd". 

And because we have (comp. [16.]) the six symbolical relations, 

(<0 -(«) = {b); (c)+(a) = (d); 

00 -(0= (*'); («) + («')= («0; 

(O-(0=2(«r); («")+(,') =2(<T), 

it results (31) that the three harmonic equations exist : 

{abed) = (ab'e'd') = (d'V'c'd") = - 1. 

We have therefore this Theorem : — 

" Each of the 150 lines A 3 , which connect four points p 2 , in any one 
of the ten planes n„ and pass through no other of the 305 points p , p„ p 2 , 
is harmonically divided." 
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[77.] As verifications, the three right lines lib', e&, dd' concur in the 
point c ; bd', ec', db', in b ; aa", b'b", d'd", in a' ; and aa", b'd", d'b", in 
a point p 3 , namely in (411) : the existence of which four concurrences of 
lines was to be expected, from a known principle of homography, as 
consequences of the harmonic relations [76.]. It is worth noticing, how- 
ever, how simply these concurrences are here expressed, by the ternary 
symbols of the points, according to the law (18) ; or, if we choose, by the 
corresponding symbols of the lines, with the analogous law (25) : for 
example, the three last concurrent lines, aa", &c, have for their respec- 
tive symbols, [122], [Oil], and [115] = [122] + [033]. 

[78.] To examine, in like manner, the analogous relations of ar- 
rangement, on the two new typical lines [60.], namely [021] and [021], 
whereof each connects the given point a with four points of second con- 
struction, let us write as eight new temporary symbols of the literal 
kind, more convenient than the former symbols, c ,T a," a,™ c™ b™ a,' 
c"' a™, the following : 

b =(112), c = (012), <*=(112), e = (312); 

/3=(112), 7 = (012), 8= (112), .-(812); 

so that the two lines in question are, 

kbcde, and A/fcySe. 

We have thus the eight following new symbolical relations, a being 
still = (100): 

(a) - (*) = (b), (a) + (a) = (d) ; (e) - (b) = 2(d), (e) + (i) = 4(a) ; 

(7) - (a) = 08), ( 7 ) + (a) = (S) ; (e) + (|8) = 2(8), (.) - (0) = 4(a) ; 

whence result at once the four harmonic relations, 

(\bed) = (Aide) = (a/3 7 8) = ( A /38e) = - 1. 

These two lines from a are therefore homographically divided, the point 
a corresponding to itself, and b to /8, &c. ; and accordingly the four right 
lines, bft, <?7, dS, ee, which connect corresponding points, concur in one 
common point, which is easily found to be b. And other verifications, 
by such concurrences, can be assigned with little trouble. 

[79.]. It may assist the conception of the common law of arrange- 
ment, of the five points on each of the two typical lines last considered, 
to suppose that the joining line bfi is thrown off, by projection, to infi- 
nity : or, what comes to the same thing, that the two points b and /3, 
themselves, are thus made infinitely distant. For thus the harmonic 
equations [78.] will simply express that, in this projected state of the 
figure, the four points, d, e, B, e, bisect respectively the four intervals, 
ac, Ad, A7, aS ; whence it is easy to construct a diagram, not necessary 
here to be exhibited. The consideration of the two other lines through 
the same given point a, which have [012] [012] for their symbols, and 
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belong to the same two types as the two last, would offer to our notice 
a pencil of four rays, which has some interesting properties, especially 
as regards its intersections with other pencils, but which we cannot here 
delay to describe. 

[80.] It may, however, be worth while to state here, as a conse- 
quence from the preceding discussion, this other Theorem: — 

" The 1 20 lines A 3 , in the ten planes n„ whereof each connects a point P 
with four points p. 2 , and with no other of the 205 points, although not all 
syntypical, are all homographically divided." 

[81.] Proceeding to consider the arrangements of those six typical 
lines [58.] which contain each six points, we find that whether we write, 
as new temporary and literal symbols, 

a = (Oil), b = (101), c = (110), a' = (211), b> = (121), e' = (112), 
or a = (Oil), b = (111), c = (120), a' = (231), V = (131), C = (102), 

the six points abca'b'c' being in the one case on the line [111], and in 
the other case on the line [211], we have in each case the three harmonic 
equations : 

(caba') = (abeb') - (bead) = - 1 . 

"We may then at once infer this Theorem : 

" The 70 lines A s , in the ten planes U lt which are represented by the 
fourth and seventh typical traces of planes on the plane abc, although not 
all syntypical (or generated by similar processes of construction), are all 
homographically divided." 

[82.] This common mode of their division may deserve, however, a 
somewhat closer examination, its consequences being not without inte- 
rest. When any six eollinear points, a . . &, are connected by the three 
equations [81.], we are permitted to suppose that their symbols are so 
prepared (if necessary), by coefficients* as to give, 

(fl) + (8) + («)-0; 

(«') = iV) - (c), (J') = (c) - (a), (C) = (a) - (J) ; 

and therefore, 

(a') + (J') + (c>) = 0, 

8(«) = (O - (i'X 3(i) = («') - (C), 3(c) = (V) - {a). 
Whenever, then, the three harmonic equations [81.] exist, for a system 
of six eollinear points, a . . c', the three other harmonic equations, formed 
by interchanging accented and unaccented letters, 

(c'a'b'a) = (a'b'c'b) = (b'e'a'c) = - 1, 

* For example, in the second case [81.], we should change the symbols for c and b' 
to their negatives, before employing the formulae of [82.]. 
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are also satisfied ; and the three pairs (or segments), 

aa', bb', cc', 
which connect corresponding points, compose an involution.* 

[83.] Under the same conditions, the two points a and a' are har- 
monically conjugate to each other, not only with respect to b and c, but 
also with respect to b' and e'~; they are therefore the double points (or 
foci) of that other involution which is determined by the two pairs of 
points, be, b'c'. In like manner, b, b' are the double points of the invo- 
lution, determined by the two pairs, or segments, ca, c'a' ; and c, c' are 
the double points of the involution determined by ab, db'. 

[84.] From any one of the three last involutions [83.], we could return, 
by known principles, to the involution [82.] ; we can also infer from them 
that the three new pairs of points (or segments of the common line), aa', 
bd, cb' ; the three pairs, or segments, bb', ca', ad ; and the three others, 
cc', ab', ba', form three other involutions, making seven distinct involutions 
of the six points, so far : in three of which, as we have seen in [83.] two 
of those six points are their own conjugates. 

[85.] For these and other reasons we propose to say, that when any 
three collinear points (as a, b, e) are assumed (or given), and three other 
points on the same line are derived from them, by the condition that each 
shall be the harmonic conjugate of one, with respect to the other two, then 
these two sets of points are two Triads of Points in Involution. And it 
is easy to extend this definition so as to include cases of two triads of 
complanar and co-initial lines, or of collinear planes, which shall be, in 
the same general but (as it is supposed) new sense, in involution with 
each other : every such involution of triads including, by what precedes, 
a system of seven involutions of the old or usual kind. 

[86.] For example, because the two triads of points, a/'b"c" and 
a"b"c", are thus in involution, by the equations [81.] applied to the 
fourth typical trace [43.], it follows that the two pencils, each of three 
rays, 

Di . a"b"c", and d, . abc, 

are triads of lines, in involution with each other ; and that, for a similar 
reason, the two triads of planes, all passing through the line de, 

dba, deb, dec, and dea", deb", dec", 

are, in the sense above explained, in involution. In fact, when the point 
Di is thus taken as a vertex of the pencils in the plane abc, the three har- 
monic equations of the first case [81.], namely, 

(c"a"b"a") = (a"b"c"b") = (b"c"a"c") = - 1, 



* Compare p. 127 of the Geometrie Superimre (Paris, 1852). In general, the reader 
is supposed to be acquainted with the chapter (chap, ix.) of that excellent work of M. 
Chaulet, which treats of Involution. 
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or rather tbe three reciprocal equations (comp. [82.]), 

(c" a" b" a") = (a" b" c" b") = (b' t c" a" c") = - 1, 

correspond simply to the elementary equations, (50), (56), 

(ca'ba") = (ab'cb") = (bc'ac") = - 1, 

which may be employed to define the three important points a", b", c", 
(87), of the first group of second construction [40.], as being the (well 
known) harmonic conjugates of the points a', b', c' of first construction, 
with respect to the three lines of the same first construction, bc, ca, ab, 
on which those points are situated. 

[87.] The equations [82.], which connect the symbols (a) . . (d) of 
the six points, give, by easy eliminations, these other equations of the 
same kind : 

(5') = (J)+2( C ); -(O~2(J) + 00; 

we have therefore, by (31), the following anharmonic of the group b, b', 
c,c>: 

(Wed) = + 4 ; 

and other easy calculations of the same sort given, in like manner, the 
equal anharmonics, 

(cdaa!) = + 4 ; (aa'bb') = + 4. 

But in general, for any four collinear points, a, b, c, d, the definition 
(29) of the symbol (abed) gives easily the relation, 

(abed) + (acbd) = 1 ; 

and hence, or immediately by calculations such as those recently used, 
we have this other set of anharmonics, with a new common value : 

(beb'c') = (cac'a 1 ) = (aba'V) = - 3; 

the negative character of which shows, by the same definition (29), that 
the segment (or interval) aa', for example, is cut internally by one of the 
two points b, V , or by one of the two points c, c', and externally by the 
other : with similar results for each of the two other segments, bb', ed. 

[88.] "We may then say that each of the three segments, aa', bb', ec', 
overlaps each of the two others, in the sense that any two of them have a 
common part, and also parts not common: whence it immediately follows 
that the involution [82.], to which these three segments belong, has its 
double points imaginary : whereas it may be proved, on the same plan, 
that each of the three involutions of segments mentioned in [84.], 
namely aa', be', cb' ; bb', ca', ae'; cd, ab', bd, has real* double points ; and 
the double points of the three other involutions, determined by the three 



* The determination of these double points gives rise naturally to some new theorems, 
which cannot conveniently be stated here. 
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pairs of segments, be, b'c' ; ca, &a' ; ah, db', are likewise real, and have 
been assigned [83.] ; namely, in each of these three last cases, the two 
remaining points of the system. 

[89.] Now, in general, when the foci (or double points) of an invo- 
lution of collinear segments, ad, IV, . . . are imaginary, so that conju- 
gate points, a, d, or b, V, &c, fall at opposite sides of the central point 
o, it is known, and may indeed be considered as evident, that if an or- 
dinate op be erected, equal to the constant geometrical mean between the 
two distances oa, od, or ob, ob', &c, then, all the segments ad, bb', &c, 
subtend right angles, at the extremity p of this ordinate. It follows, then, 
by what has been proved in [82.] and [88.], and by the first case of 
[81.], that each of the three segments a" a", b" b", c" c", of the fourth 
typical trace [43.], subtends a right angle at some one point, P, in the 
plane abc, or rather generally at each of two such points : and in like 
manner, by the second case [81.], that each of the three otJter segments, 
a' a 11 , c b", Ci b", of the seventh typical trace, subtends a right angle, 
at each of two other points, p, p', in the same plane. 

[90.] These results, by their nature, like all the foregoing results of 
the present Paper, are quite independent of the assumed arrangement of 
the five given (or initial) points of space a . . e, and are unaffected by pro- 
jection, or perspective. In saying this, it is not meant, of course, that 
one right angle will generally be projected into another ; or that the new 
point p, at which the three new segments a"a ,t , b"b", c"c", or a'a' 1 , c b,", 
c, t b", subtend right angles, will be itself (what may be called) the pro- 
jection of the old point p [89.], which was so related to the three old 
segments, denoted by the same literal symbols, when the arrangement (or 
configuration) of the five initial points is varied, by a process analogous 
to projection. We only assert that there will always, in every state of 
the Figure, or of the Net, be some point p, possessing the above-men- 
tioned property : or rather that there will be a circle of such points in 
space, having for its axis the. line to which the three segments belong. 

[91.] To fix a little more definitely the conceptions, let a, b, c, n be 
supposed, for a moment, to be the comers of a regular pyramid, with e 
for its mean point, or centre of gravity. "With this arrangement of the 
five given points p , six of the derived points p„ namely a', b', d, a 2 , b 2 , 
c 2 , bisect the six edges, bc, ca, ab, da, bb, dc, of the given pyramid ; and 
the four other points p„ namely a„ b„ c„ d„ are the mean points of the 
four faces, opposite to a, b, c, d. Six of the ten points p 2 , „ namely 
a", b", c", a/, b/, Cj', are now infinitely distant ; and the line a'V'c" 
a"b"c" to which three of the lately mentioned segments belong, becomes 
the line at infinity in the plane abc : which might seem, at first sight, 
to render difficult, with respect at least to them, the verification of a 
recent theorem [89.]. That theorem is, however, verified in a very 
Bimple manner, by observing that, with the arrangement here conceived, 
the three angles a"d,a", b"d,b", c'^c", which those infinite and infinitely 
distant segments may be imagined to subtend at the point d„ are all right 
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angles ; d,a", for example, being parallel to the side bc of the triangle 
abc, which is now an equilateral one ; while d,a" is perpendicular to 
the same side, because it is drawn from the mean point n„ and passes 
through the opposite corner, a. As another verification of the theorem 
[89.], it will be found that, with the arrangement here supposed, the 
segments a'a™, c b,™, c, t b", of 'the seventh "trace [43.], subtend right angles 
at the given point b. 

[92.] The involution of the three segments [82.] is only one of the 
consequences of the three harmonic equations [81.], or of what we have 
called in [85.] the Involution of the two Triads, abc and a'b'&. We can 
therefore infer more, respecting the geometrical relations of the six 
points, even in the general state of the whole Figure, or Net, than 
merely that those three segments subtend right angles, as above, at every 
point of one real circle, which has its centre on the common line, and its 
plane perpendicular thereto. The order of succession of the six points be- 
ing supposed to be the following, ac'ba'cb', from which it can only dif- 
fer, if at all, by changes not important to the argument, let p be, as in 
[90.], a point such that the angles asa ', bvb', eve' are right. Then, be- 
cause the three pencils, 

p. ac'be, p. dba'V, and p. ba'ca, 

are all harmonic pencils by [81.], it follows that (with the supposed or- 
der of the points) the lines ?</ and Be are respectively the internal and 
external bisectors of the angle atb ; p J and p V, of the angle c'va' ; and 
pa', pa, of bvc: the line ?c bisecting also the angle a'sV internally. 
Hence it is easy to infer the following continued equation between angles 
(which is supposed to be new) : 

IT 

asc 1 = c'?b = 5p«' = a've = cvb' = - ; 

6 

and therefore we may enunciate this Theorem : — " When six collinear 
points form a system of two triads in involution, their five successive in- 
tervals subtend angles each equal to the third part of aright angle, at every 
point of a certain circle, of which the axis is their common line." 

For example, with the particular arrangement [91.] of the five ini- 
tial points a . . e, it is found that the five successive portions, CoA™, 
a"C! T , Ci'b,", b,"a', a'b™, of the seventh trace, subtend each an angle of 
thirty degrees, at the given point b ; and the six lines d,a", d^", d,b", 
DjA™, D,c", DiB", if suitably distinguished from their own opposites, suc- 
ceed each other at angular intervals, of the same common amount. 

[93.] In general, if three equally inclined diameters of a circle, form- 
ing a regular and six-rayed star, be taken as a given triad of lines [85.], 
the triad in involution therewith is represented by that other star of the 
same kind, of which the diameters bisect the angles between those of the 
former star : so that if we consider any six successive rays of the com- 
pound or twelve-rayed star, which results from the combination of these 
two, their successive angles are evidently each equal to thirty degrees. 
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But we now eee farther, that if a star of this last kind be cut in six 
points by an arbitary transversal in its plane ; and if these six points of 
section be in any manner put into perspective, by any new pencil and 
transversal : the six new points, thus obtained, as forming still two triads 
in involution, must admit of having their Jive successive intervals seen, 
from every point of some new circle, under angles still equal each to the 
same third part of a right angle. 

[94.] We have not yet considered the arrangement of the six points 
on either Hhe fifth or the sixth typical trace [43.] ; but it is easy to do this 
as follows. Let dbcafiy denote, as new temporary symbols, either the 
six points of the fifth trace (comp. [58.]), 

I. a = (100), b = (ill), c = (111), a. = (OlT), y3 = (211), 7 = (211) ; 
or these six other points, belonging to the sixth trace, 

II. a = (111), b = (102), c = (120), a = (OlT), = (231), <y = (213) ; 
we shall then have, in each case, the three harmonic equations, 

(baca) = (cfiaa) = (ayba) = - 1. 

In each case, therefore, we may consider ourselves as first deriving 
from three points a fourth, as the harmonic conjugate of the first with 
respect to the other two ; and then deriving a fifth point, and a sixth, as 
the harmonic conjugates of that fourth point, with respect, on the one 
hand, to the third and first points ; and on the other hand, to the first 
and second points of the system. 

[95.] Having regard merely to this common law, we may enunciate 
(comp. [80.] [81.]) this theorem: — 

" The sixty lines, in the ten planes of first construction, represented by 
the fourth and fifth typical traces of the planes on the plane abc, although 
not all syntypical, are all homographically divided." 

And this common mode of their division is such, that if the fourth 
point be thrown off to infinity, the first point bisects the interval be- 
tween the second and third ; the fifth point bisects the interval between 
third and first ; and the sixth point bisects the interval between first and 
second : so that, on the whole, we have & finite line, be, quadrisected in 
the points 7, a, ft, and cut at infinity in a ; whereas if, on either the 
fourth or the seventh trace, one of the six points, but only one, had been 
thus made infinitely distant, the five others would have presented the 
figure of a finite right line, bisected and trisected. With the equations 
[94.], if a, instead of o, be projected to infinity, it is then the line /3<y 
which is quadrisected, namely, in the points c, a, b. In general, with 
these last equations, the first set of three points, abc, can be derived 
from the second set, a /3 7, by the same rule [94.], as that by which the 
second set has been derived from the first : so that there is a sense in 
which these two sets may be said to be reciprocal triads, although they 
are not triads in involution, according to the definition [85.]. 



568 

[96.] It may be added that, on either the fifth or the sixth trace, the 
two points which we have called first and fourth, are the double points of 
a new involution, determined hy the two pairs, second and third, fifth 
and sixth; or, with the recent notations [94.], that aa are the foci of 
the involution be, fiy; because the three last harmonic equations conduct 
to this fourth equation, 

(/Ja-ya) = - 1. 

[97.] And, as regards the homography of the divisions on the same 
two traces, if we denote, for the sake of distinction, the six points on 
the sixth trace by a' . . 7', then (because a! = a) the five lines aa', bb', 
cd, pp', 77', or (comp. [08.]) the five lines, 

AD„ B B% CO,', B,*V m , CV, 

ought to concur in some one point: which accordingly it is easy to see 
that they do, namely in the point a' ; in fact, with the recent significa- 
tion of a, . . and a 1 , . ., we have the symbolic equations, 

(a') - (a) = (6') - (b) = (C) - (c) = (Oil) = (a') ; 
and 

0») - 03) = (7') - (7) = (022) = 2(a'). 

[98.] The two sets of six points, on these two traces, with one point 
common, are thus the points in which a certain six-rayed pencil, with 
a' for vertex, is cut by the two traces as transversals ; the symbols of the 
six rays being the following : 

a'ad, = [Oil] ; a'b b t = [211] ; a'c^c," = [2lT] ; 

a'a" = [100] ; a'b.'V" = [111] ; a'c'V* = [111]. 

And from a mere inspection of these symbols, we can infer (comp. 
(33)) that the first and fourth rays are the common harmonic conjugates 
of the two pairs, second and third, fifth and sixth; or that they are the 
double rays of the involution, which those two pairs of rays determine : 
the theorem [96.] being thus, in a new way, confirmed. 

[99.] We have now discussed the arrangements of the points on 
those nine typical lines A 3 , whereof each passes through not less than 
four, nor more than six, of the 52 points in the plane abc ; but we have 
still three other- typical lines to consider, namely the lines A, and A 2 , 
of which each passes through at least sevenpoints. Taking first, for this 
purpose, the typical line A 2 , „ namely, aa', which contains only seven 
points, whereof the ternary symbols have been assigned in [55.], and 
the literal symbols there given may be retained, we shall, for the mo- 
ment, reserve the consideration of the two points r 2 , 3 ; but shall intro- 
duce a new and auxiliary point p 3 , , on the same line, which may be thus 
denoted : 

a x = (122) = aa'-bc"'-cb'" ; 

and which may be said to represent, or typify, a, first group of third con- 
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struction, containing fifteen points, one on each of the fifteen lines A 2 , , ; 
although, in the present Paper, we can only allude to stick new points 
p 3 , and cannot here attempt to enumerate, or even to classify them. 

[100.] "We have thus again six points, at this stage, to consider, 
namely the points a, a', d„ a'", a^,, a 1 ; and their symbols easily show 
that they are connected by the three following harmonic equations, 

(aa'd^'") = (ad.a'ao) = (a'ad.a 1 ) = _ 1 ; 

from which it follows, by [85.], that the two triads of points, 

aa'b, and iV\ 

are triads in involution : with, of course, all the properties which have 
been proved, in recent paragraphs of this Paper, to belong generally to 
any two such triads. As a verification, it may be mentioned that, with 
the particular arrangement [91.] of the five initial points a . . e, if we 
determine two new points p, p', of third construction, by the formuhe, 

p = (214) = bc'"-ca"', p- = (241) = cb'"-ba'", 

it can be proved that each of the five successive intervals (comp. [92.]) 
between the six points, 

A, A , Dj, A , A , Ay, 

subtends the third part of a right angle at each of these two new auxi- 
liary points, p and p'. But with other initial configurations, the coordi- 
nates of these two new vertices would be different, because they are 
connected with angles, wbich are not generally projective [90.]; al- 
though, as has been already remaked, there would always be some new 
points p, or rather a circle of such, possessing the property in question. 

[101.] "We may however enunciate generally, and without reference 
to any such particular arrangement of the five initial points, this' 
Theorem: — 

" On any one of the fifteen lines A 2 , „ of second construction, and first 
group, the given point p„, and the two derived points of first construction 
p„ compose a triad, the triad in involution to which [85.] consists of the 
point p 3 , „ of third construction and first group, and of the two points p 2 , 2 , 
of second construction and second group, upon that line;" with seven invo- 
lutions of segments (comp. [84.]) included under this general relation. 

For example, on the line aa', the three segments aa 1 , aV", b,a form 
always an involution of the ordinary kind, with its double points imagi- 
nary; the three other sets of segments, aa 1 , a'a , d,a'"; a'a'", aa , d,a x ; 
and d^a,,, aa'", a'a 1 , form each an involution, with real double points ; the 
points a, a" are the real foci of a, fifth involution, determined by the two 
pairs of segments a'd„ and a'"a ; the points a', a'" are, in like man- 
ner, the real double points of that sixth involution, which the two other 
pairs, a, d„ and a„, a x , determine : and finally, d, and a„ are such points, 
for the seventh involution, determined by aa', a"'a*. 
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[102.] Introducing now the consideration of the two lately reserved 
points Pj, 3 [99.], of second construction and third group [45.], upon the 
typical line A 2 ,„ we may derive them from the point p„, the two points 
p„ and the two points p 2 ,j, upon that line aa', by the two following har- 
monic equations : 

(aa'"a'a 1t ) = (AAoT.A, 1 ') = - 1 ; 

or by these two others, 

(aa'a^ 1 ') = (ad,a'"a, 1t ) = - 1. 

which may indeed be inferred from the two former, with the help of 
the relations between the six points previously considered: for, in ge- 
neral, if abc, a'b'c be collinear triads in involution, and if d and d' be 
the harmonic conjugates of b' and d, with respect to the two pairs, ab, ac, 
they are also the harmonic conjugates of b and c, with respect to the 
two other pairs, ad, do 1 ; or in symbols, 

(abed) = (acb'd') = - 1, if (ab'bd) = (adcoT) = - 1, 

when the three harmonic equations [81.] exist. We have also, gene- 
rally, under these conditions, the equation 

(ada'd') = - 1 ; 

for example, on the line aa', we have 

(ii'VA, 1 ') = - 1. 

[103.] It is scarcely worth while to remark that the 15 lines A 2 , , of 
the net, as being all syntypieal, are aRhomograpkicaUy divided; although 
it may just be noticed, as a verification, that the six lines, 

bc, b'c', b'V", b c , b'V, b^c,", 

which connect corresponding points on the two other lines of the same 
group in the given plane, namely bb'b, and cc'n,, concur in one point 
a". But it may not be without interest to observe, that a 1 is the com- 
mon harmonic conjugate of a, with respect to each of the three pairs, 
a'bi, a"^ a It a, ,t ; which three pairs* or segments, form thus an invo- 
lution, with a and a 1 for its double points. We have therefore this 
Theorem : — 

" On each of the fifteen lines Aj,,, the three pairs of derived points, of 
first and second constructions, namely the pairv t , ihepairv z , n andthe pair 
p 2 , 3 , compose an involution, one double point of which is the given point p ; 
the other double point being the point p 3M , of third construction and first 
group, upon the line. n 

[104.] "We have thus discussed the arrangements of the points p , 
Pi, p 2 , on each of the ten typical lines which connect not fewer than four, 



* That the two first of these three pairs belong to an involution, with those two double 
point9, was seen in [101.]. 
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and not more than seven of them ; but there are still two other typical 
lines to be considered, belonging to the groups A, and A 2 , 2 ; whereof 
one, as bc, passes through eight points [54.] ; and the other, as bV, has 
ten points upon it [56.]. Beginning with the first, we easily find that 
the two sets of points, a'bc and a"a, t a t , are triads in involution [85.] ; 
the latter set being thus deducible from the former: while the two other 
points upon the line may be determined by the condition that they 
satisfy this other involution of two triads, a"bc, a'a^a* 1 . With the ini- 
tial arrangement [91.], the line a^a,' 1 is trisected in b and c, and its mid- 
dle part bc is likewise trisected in a t and a, t ; while each line is bisected 
in a', and cut at infinity in a*. And in general we may enunciate 
these two Theorems : — 

I. " On every line of first construction, the point p, and the two points 
reform a triad, the triad in involution with which consists of the point p 2 ,„ 
and the two points p 2j4 ." 

II. " On every such line A„ the triad formed by the point Pj, „ and 
the two points p , is in involution with a triad which consists of the point 
p, and the two points p 2 , ,." 

[105.] Besides these two involutions of triads, we have two distinct 
involutions of the ordinary kind, into each of which all the eight points 
enter; two being double points in each. For we have these two other 
Theorems, deducible, indeed, from the two former, but perhaps deserv- 
ing to be separately stated : — 

III. " On every line of first construction, the two given points are foci 
of an involution of six points, in which the points p„ p 2 ,„ are one pair of 
conjugates, while the two other pairs are of the common form, p 2;4 , p 2 , 6 ." 
For example, a', A yI are such a pair, on the line bc. 

IV. " On every such line A„ the points p„ p 2 , „ are the double points 
of a second involution of six points, obtained by pairing the two points 
of each of the three other groups.' 1 '' 

[106.] Finally, as regards the remaining typical line bV, which con- 
nects two points p„ and passes through eight points P 2 , if we reserve for 
a moment the consideration of the last pair, p 2 , 8 , or a' 1 and Ai", we have 
a system of eight points upon that line, homographic with the recent system 
of eight points on the line bc ; being indeed the intersections of the line 
b c' with the eight-rayed pencil, a-a'sca'^a'a/a", when taken in the 
order A'"c'B / A"A,' iii A' ia A, riI A ,il . No description of the arrangement of 
these latter points is therefore at this stage required : but as regards the 
pencil, it may be remarked that, by [104.], the 1st, 2nd, and 3rd rays 
form a triad of lines, in involution [85.] with the triad formed by the 
4th, 5th, and 6th ; and that the triad of the 2nd, 3rd, and 4th rays is, 
in the same new sense, in involution with the triad of the 7th, ,8th, and 
1st: from which double involution of triads, the five last rays maybe de- 
rived, if the three first are given. We have also by [105.] a double in- 



572 

volution of the rays, considered as paired with each other, or with them- 
selves: thus the second and third rays are the double rays of an involution 
(of the usual kind), in which the first is conjugate to the fourth, the 
fifth to the seventh, and the sixth to the eighth ; while the first and 
fourth rays are the double rays of another involution, in which the 
second and third, the fifth and sixth, and the seventh and eighth are 
conjugate. 

[107.] It only remains to assign the arrangement of the two last 
points of second construction, Pj., 8 , with respect to the other points, p„ p 2 , 
on a line A 2 , 2 , or to some three of them ; or to show how a 11 and a^ can 
be derived,* for example, from b', c', and a" : which derivation may 
easily be effected, on the plan already described for the fifth and sixth 
typical traces. In fact, if we denote the six points a"c'b'a"'a 1 Ie a 1x by 
abcafi<Y, we have the three harmonic equations of [94.] ; and if, by one 
of the modes of perspective, or projection, mentioned in [95.], which an- 
swers to the initial arrangement [91.], we throw off the first point a" to 
infinity, the finite line a^a, 11 is then quadrisected: being itself bisected at 
a'", while c' and b' bisect its halves. In general, we shall have again 
the equations [94.], if we otherwise represent the six lately mentioned 
points on b'c' by a/3<ya6c ; and thus it is seen that those six points are 
always homographic, in every state of the figure, or net, with the six 
points a"Bi™c' b ab c on the fifth trace aa", and with the six points 
a^'b^c^d^c," on the sixth trace DiA"; in fact they are, if taken in a 
suitable order, the points in which the six-rayed pencil [98.], with a' 
for vertex, is cut by the line b'c'. 

[108.] "We have thus shown for each of the twelve typical lines [74.], 
in the plane abc, how all the points but three, upon that line, may be 
derived from those three by a system of harmonic equations, not necessa- 
rily employing any point p 3 , or other foreign^ or merely auxiliary point: 
although it appeared that something was gained, in respect to elegance 
and clearness, by introducing, on the line aa', such a point a 1 [99.] ; or 
by considering generally, on any one of the fifteen lines A^, „ a point p 3 , , 
of third construction, belonging to what may perhaps deserve to be re- 
garded as a first group [103.] of the points p 3 , in any future extension 
[1 .] of the results of the present Paper. 

* This point A'* may also, by [81.], be determined on the seventh trace, or seventh 
typical line [74.], as the harmonic eongvgate of a', with respect to Co and C\". 

t This non-requirement of foreign points is the only remarkable thing here : for the 
(inharmonic function of every group of four collinear net-points is necessarily rational ; 
and whenever (abed) = any positive or negative quotient of whole numbers, it is always 
possible to deduce the fourth point tffrom the three points a, b, c, by some system of auxi- 
liary points, derived successively from them through some system of harmonic equations. 
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Part V. — Applications to the Net, continued: Distribution of the Given or 
Derived Points, in a Plane of Second Construction, and of First or 
Second Group. 

[109.] It -will be necessary to be much more concise, in our remarks 
on the distribution of the net-points in planes of second construction; but 
a few general remarks may here be offered, from which it will appear 
that each plane n 2 , , contains forty-seven of the 305 points p ,Pi,p 2 ; and 
that each plane n„ 2 contains forty-three of those points ; with many 
cases of collineation for each. 

[1 10. J We saw in [33.], that each plane Xl a , contains two lines A 2 , „ 
which intersect in a point p 0) and may be regarded as the diagonals of a 
quadrilateral, of which the four sides are lines A 2 , 2 . It contains, there- 
fore, as has been seen, one point p , and four points p, ; but it is found 
to contain also 42 points p 2 , arranged in six groups, as follows. 

[111.] There are 2 points p 2 ,„ namely the intersections of opposite 
sides of the quadrilateral ; thus, in what we have called the second typi- 
cal plane [33.], the sides b,c : , CjBj intersect in the point a"; and the 
sides c,c 2 , b 2 b, in d,' (62). 

[112.] The plane contains also 8 points p 2)2 ; namely, two on each 
of the two diagonals, and one on each of the four sides; and it contains 
4 points p 2 , } , namely two on each diagonal : but it contains no point of 
either of the two groups, p 2 , „ p 2 , 5 , as a comparison of their types suffi- 
ciently proves, or as may be inferred from the laws of their construction 
[46.] [47.]. 

[113.] The same plane contains 12 points p 2 ,„ ; namely two on each 
side of the quadrilateral ; and four others, in which the plane is inter- 
sected by four lines A 2 , 2 ; as the types sufficiently prove. But to show, 
geometrically, why there should be only four such intersections, conduct- 
ing thus to new points p 2 , 8 in the plane, let the five inscribed pyramids 
[28.] be denoted by the symbols a.' . . e'; then the six edges -of the 
pyramid a' are found to intersect the present plane n 2 , , in points already 
considered, namely in the two points p 2 , „ of mettings of opposite sides, 
and in those four points p 2 , 2 , which are situated on the diagonals of the 
quadrilateral ; they give therefore no new points. Also, each side of the 
same quadrilateral is an edge of one of the four other pyramids, b' . . e' ; 
but there remains, for each such pyramid, an opposite edge: and these 
are the four lines, out of the plane, which intersect it in the four points 
p 2 , „ additional to the eight points p 2 , „, which are ranged, two by two, 
upon the sides. There are thus twelve points of the group p„ „, in any 
one plane n 2 , l ; and we have now exhausted the intersections of that 
plane with lines A 2 , 2 ; and also, as it will be found, with the lines A 2 , „ 
and A,. 
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[1 14.] But there remain eight points p 2 , „ and eight points p a , „ in 
the plane now considered ; namely two of each group, on each of the 
four sides of the quadrilateral. There are, therefore, 16 such points; 
which, with the 12 points P 2 , 6 ; the 4 points p 2)J ; the 8 points p 2J2 ; 
the 2 points p 2 , , ; the 4 points p, ; and the one point p , make up (as 
has been said in [109.]) a system of 47 points, given or derived, in any 
one of the fifteen planes n 2>1 . 

It may be remarked that with the initial arrangement [91.] of the 
five given points, the four points b'c'b 2 c 2 , in a new plane II 2 ,J, are 
corners of a square, which has the point e for its centre; and that thus 
the Figure, of the 47 points in such a plane, may be thrown into a 
clear and elegant perspective. 

[115.] As regards the distribution in a plane n 2 , 2 , such as the 
Third Typical Plane [34.], it may here be sufficient to observe, that 
besides containing three lines A 2 ,„ namely the sides of a triangular face 
[34.] of one of the five inscribed pyramids [28.], and three points p„ 
which are the corners of that triangle, and serve to determine the plane 
[1.], it contains also forty points p 2 , which are arranged in groups, as 
follows. Each of the four first groups, of second construction, p 2 , „ . . . 
p 2M , gives three points to the plane ; the fifth group, p 2 , 5 , furnishes only 
one point ; and the sixth, seventh, and eighth groups, p 2 , 6 , . . p 2 , „ supply 
six, twelve, and nine points, respectively. Of these 40 points p 2 , twenty- 
four are ranged, eight by eight, on the three sides of the triangle, as was 
to be expected from [56.] ; and the existence of at least 27 points, p„ p 2 , 
in a plane II 2 , 2 , might thus have been at once foreseen. But we have 
also to consider the traces, on that plane, of the 52 lines, A„ A 2 , which 
are not contained therein. Of these lines, it is found that 36 intersect 
the sides of the triangle, and give therefore no new points. Bat the six- 
teen other lines intersect the plane, in so many new and distinct points; 
and thus the total number [109.], of forty-three derived points, p„ p 2 , in 
a plane II 2 , 2 , which contains no given point p , is made up. 

[116.] Without attempting here to enumerate the cases of collinea- 
tion, in either of the two typical planes II 2 , we may just remark, that while 
the traces of four of the planes r^ on the typical plane II 2 , t are the four 
sides, and the traces of four others are the diagonals, of the quadrilateral 
already mentioned, the trace of a ninth plane n„ namely abc, on that 
plane IJ 2 , lt has been already considered, as the trace aa" of the latter 
on the former; but that the trace of the tenth plane n„ namely ade, or 

[01100], on ABiC 2 c,B 2 , or on [01111], is a new line, ad',; which passes 
thus through one point p„ and one point p 2 , „ and also through two points 
p 2)2 , namely (01120) and (01102), and through two points p 2)6 , namely 

(20011) and (20011): being, however, syntypical with the formerly 
considered trace aa", and therefore leading to no new harmonic or an- 
harmonic relations. 
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[117.] As a specimen of a case of collineation which conducts to 
such new relations, let us take the four following points p 2 , in the se- 
cond typical plane, 

a = (01120), b = (00211), c = (02031), d = (0T302), 

whereof the two first are points p 2 , „ and the two last are points p 2 , e ; 
and of which the symbols satisfy the equations, 

(c) = 2(a) - (b), (d) = - (a) + 2(b) ; whence (adbc) = 4. 

These four points, therefore, with which it is found that no other given or 
derived point of the system p , p„ p 2 is collinear, do not form a harmonic 
group; and consequently we cannot construct the fourth point, d, when 
the three other points, a, b, c are given, by means of harmonic relations 
alone (comp. [108.]), unless we introduce some auxiliary point, or 
points, e, . ., which shall be at lowest of the third construction. But if 
we write 

e = (12020) = (OlllT), /= (10220) = (01331), 

so that e is a point p 3M [99.], while / may be said to be a point p 3 , 2 , 
we find that these two new or auxiliary points, e, /, are the dmble points 
of the involution, determined by the two pairs, ab, cd; because we have 
the two harmonic equations, 

(aebf) = (cedf) = - 1. 

And because we have also, 

(cabe) = (abde) = - 1, 

we need only employ the one auxiliary point e, considered as the har- 
monic conjugate of a, with respect to b and c; and then determine 
the fourth point d, as the harmonic conj ugate of a, with respect to b 
and e. It may be added that abe and dcf are triads in involution [85.] ; 
so that if e be projected to infinity, the finite line cd is trisected at a 
and b. 



Pabt VL — On some other Relations of Complanarity, Collinearity, Con- 
currence t or Homology, for Geometrical Nets in Space. 

[118.] Although we have not proposed, in the present Paper, to 
enumerate, or even to classify, any points, lines, or planes, beyond what 
we have called the Second Construction [1.], yet some such points, lines, 
and planes have offered themselves naturally to our consideration : and 
we intend, in this Sixth Part, to consider a few others, chiefly in con- 
nexion with relations of homology, of triangles or pyramids which have 
been already mentioned. 

[119.] It was remarked in [29.], that the thirty lines a s ,j are the 
sides of ten triangles t„ of second construction, which are certain inscribed 
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homologues of ten other triangles t„ of first construction [26.] ; the ten 
corresponding centres of homology being the ten points p,. For ex- 
ample, the triangle a'b'c' is inscribed in abc, and is homologous thereto, 
the point d, being their centre of homology ; because we have the three 
relations of intersection, 

i! = D,A'BC, &c. ; 

or because, a' being a point on bc, &c, the three joining lines aa', &c, 
concur in the point d,. 

[120.] Proceeding to determine the axis of this homology, or the 
right line which is the locus of the points of intersection of correspond- 
ing sides, we easily see that it is the line a"b"c" ; because we had 
a" = bc-b'c', &c. And because an analogous result must take place in 
each of the ten planes n„ we see that the ten points p 2 , , are ranged, three 
by three, on ten lines A 3 ,„ in the ten planes II,; namely on the axes of ho- 
mology of the ten pairs of triangles, i u t 2 , in those ten planes: which 
axes are the lines, 

b/a/Aj', &c; c,'b,'a", &c.j Cj'b,'a", &c. ; andAV'c"; 

each point p 2)1 being thus common to three of them, because it is com- 
mon to those three planes II,, which contain the line A, whereupon it is 
situated. Each point p 2 , , is also the common intersection of this last 
line with three lines A 2)2 ; we have for example, the formuke of con- 
currence, 

a" = bc-b'c'-b^-BjCj. 

[121.] The line a'V'c" was seen to be the common trace of two 
planes n 2 , „ namely of a^c, and a 2 b 2 c 2 , on the plane Tl v namely abc, in 
which it is situated ; and a similar result must evidently hold good for 
each of the ten lines A 3 , j. But we may add that the three triangles abc, 
a,b,c„ a 2 b 2 c 2 , in the plane of each of which the line a"b"c" is contained, 
are homologous, two by two, and have this line for the common axis of 
homology of each of their three pairs; having however three distinct cen- 
tres of homology, namely d/ for second and third, d for third and first, 
and e for first and second : with (as we need not again repeat) analo- 
gous results for the other lines A 3n , of which group we here take the 
line a"b"c" as typical. It may be remarked that the four centres, re- 
cently determined, are- coUinear, and compose an harmonic group ; and 
that the inscribed triangle a'b'c' is also homologous with each of the two 
triangles AjB,^, a 2 b 2 c 2 , although not complanar with either; the line 
a''b"c" being still the common axis of homology ; while the two centres, 
of these two last homologies, are the two given points, n and e. 

[122.] The six points p 2 , 2 , in the plane abc, have been seen to range 
themselves, according to their two ternary types [41.], into two sets of 
three, which are the corners of two new triangles; one of these, namely 
a"'b"'o /// , being an inscribed homologue of a'bV ; while the other, namely 
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AoBdC,,, is an exscribed homologue of abc ; and these two new triangles are 
also homologous to each other: the line a"b"c" being still the common 
axis, and the point d, being the common centre of homology. And the 
same thing holds good for any one of these four triangles, a^c,,, abc, 
a'b'c', a"V"c"', in the plane II, here considered, as compared with the 
triangle a^'b^'c,'*, whereof the corners are those three points p 2 ,„ which 
are not ranged on the line a'Vc", as the three other points p 2 , s , namely 
a 1 ', b 1 ', c' T , have been seen to be. 

[123.] It was remarked in [28.], that each of Hhz five pyramids k, 
is not only inscribed in the corresponding pyramid e, [26.], but is also 
homologous therewith; the centre of their homology being a point p : thus 
the point e is such a centre, for the two pyramids abcd and a,b,c 1 d„ or 
for those which we have lettered as e and e' [26.] [113.]. The planes 
bcd, BjC^i, of two corresponding faces, intersect in the line c 2 'b/a" ; the 
planes cad, c,a,d, in a'^b" ; the planes abd, a,b,d, in b 2 'a 2 'a" ; and the 
planes abc, a,b,c, in a'Vc". Hence it is easy to infer that these six 
points p 2 , „ namely 

i" u" r" i ' -r ' r ' 

are all situated in one plane, which is the plane of homology of the two 
pyramids e and e', and which we shall denote by [e] ; its quinary sym- 
bol being 

[e] = [11114], 

which may also serve as a type of the group [a] . . [e]. And in fact, 
the quinary symbols of the six points all satisfy the equation (comp. 

[19-3, 

x + y + z + w = 4v. 

[124.] It maybe noted that the two planes of homology, [n>] and 
[e], have the line a''b"c" for their common trace on the plane abc ; and 
that the traces of the three other planes of the same group, [a], [b], [c], 
which have 

[411], [141], [114], 

for their ternary symbols, pass respectively through the points a x , b", c*, 
(comp. [99.]), and coincide with the lines B, iy c,'*, &c, or with the 
sides of the last mentioned triangle [122.]. And. it follows from [123.], 
that the ten points p 2 , , are ranged six by six, and that the ten lines A 3 , , 
are ranged four by four, in five planes n 3>1 ; namely, in the five planes 
[a] . . [e] of homology of pyramids. But these last laws of arrangement, 
of points and lines, must be considered as included in results which 
have been comparatively long known, respecting transversal* lines and 
planes in space. 



* Compare the second note to [1.]. 

a. i. a. peoc. — vol. vn. 4 l 
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[125.] Instead of inscribing a pyramid e' in the pyramid e, we may 
propose to exscribe to the latter a new pyramid a'b'cV, or e', which 
shall be homologous with it, the given point e being still the centre of 
homology. In other words, the four new planes b'cV, . , a'bV, or e a , 
e b , e c) e„, are to pass through the four given points a, b, c, d ; and the 
four new lines aa\ bb', cc', dd' are to concur, in the fifth given point e. 
The solution of this problem is found to be expressed by the following 
quinary symbols for the four sought planes : 

[ij = [01113], . . [e d ] = [11103]. 

In fact, the pyramid e', with these four planes for faces is evidently ex- 
scribed to the pyramid abcd, or e ; and because its corners may be re- 
presented by these other quinary symbols, 

a' = (30001), . . d = (00031), 

the condition of concurrence is satisfied. "We may remark that the plane 
[e] of [123.] is the plane of homology of the two last pyramids e and 
e ; and that this exscribed pyramid e is homologous also to the inscribed 
pyramid e', the point e being still the centre, and the plane [e] the 
plane of their homology. 

[126.] It may be remarked that the common trace of the two planes 
e„ and d„ on the plane abc, is the line a"b"c" ; to construct, then, the 
exscribed pyramid e', we may construct the plane e„ of one of its faces, by 
connecting the point d with the line a"b"c" ; and similarly for the rest. 
Or if we wish to determine separately the new point, or corner, d", which 
corresponds to the given point n, we may do so, by the anharmonic equa- 
tion, 

(dd,ed') = 3 ; 

for which may be substituted* the system of the two following harmonic 
equations : 

(dd,ef) = (dd'd,e) = - 1 ; 

where v is an auxiliary point, namely d,'. 



Paet VII. — On the Homography and Rationality of Nets in Space; and 
on a Connexion of such Nets with Surfaces of the Second Order. 

[127.] In general, all geometric nets in space are homographic figures ; 
corresponding points, lines, and planes, being those which have the same 
(or congruent) quinary symbols, in whatever manner we may pass from 
one to another system of five initial points, a . . e ; whereof it is still 
supposed that no four are complanar. All points, lines, and planes of 
any such Net are evidently rational, in the sense [8.] already defined, 

* Compare the note to [108,]. 
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with respect to the initial system ; and conversely it is not difficult to 
prove that every rational point, line, or plane, in space, is a net-point, 
net-line, or net-plane, whatever that initial system of five points 
maybe. It follows that although no irrational point, line, or plane, 
can possibly belong to the net, with respect to which it is thus 
irrational, yet it can be indefinitely approached to, by points, lines, or 
planes which do so belong : a remarkable and interesting theorem, 
which appears to have been first discovered by Mobius;* to whom in- 
deed, as has been already said, the conception of the net is due, but 
whose analysis differs essentially from that employed in the present 
Paper. 

[128.] As regards the passage from one net in space to another, let 
the quinary symbols of some five given points p, . . p s , whereof no four 
are in one plane, be with respect to the given initial system a . . e the 
following : — 

p, = («,.. »,), . . P, = (ar 5 . . » 5 ) ; 

and let a' . . e' and «' be six coefficients, determined so as to satisfy the 
quinary equation [5.], 

a'(p.) + &'( p + c'(r 3 ) + <*'(p,) t e'(p 8 ) = - u'(v), 

or the five ordinary equations which it includes, namely, 

dx x + . . + e'x i = . . . = o'«i + . . + e'Vi = - «'. 

Let v' be any sixth point of space, such that 

(p') = a»'(p,) + yb' (Pj) + 2c'(p s ) + wd' (p 4 ) + w^p,) + u(r) ; 

then this sixth point p' can be derived from the five points p, . . p s , by the 
same constructions, as those by which the point p = (xyzwv) is derived 
from the five given points abcde. For example, if we take the five 
points, 

a, = (10001), b, = (01001), c, = (00101), n, = (00011), e = (00001), 

we have the symbolic equation, 

(a,) + (s a ) + (c.) + (d,) - 3(e) = (tt) ; 

if then we write v 1 = x + y + z + to - 3v, the point {xyzwv') is derived 
from AiB,c,d 1 e, by the same constructions as (xyzwv) from abode. In 

* See page 295 of the Burycmtric Calculus. As regards the theory of tomographic 
figures, chapter xxv. of the Geometrie Supdrieure of M. Chasles may be consulted with 
advantage. But with respect to anharmonie ratio, generally, it must be remarked that 
Professor Mobius was thoroughly familiar with its theory and practice, when he published 
in 1827; although he called it by the longer but perhaps more expressive name of 
Doppelschnittsverhaltniss (ratio bisseetimalis). It may be added that he denotes by (a, 
o, b, d), what I write as (abod). 
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particular, d is related to a,b,c,d,e, as the point p = (00031) is re- 
lated to abode ; but this point p satisfies the anhannonie equation, 
(dd,ep) = + 3 ; if then e, = d,e- a,BiC, = (00012), we must have the cor- 
responding equation (d,e,ed) = + 3 : which is accordingly found to exist, 
and furnishes a construction for exscribing a pyramid abcd to a given 
pyramid a,b 1 c,b„ with which it is to be homologous, and to have a given 
point e for the centre of their homology, agreeing with the construc- 
tion assigned in [126.] for a similar problem of exscription. And in 
general, from any five given points of a net, whereof no four are com- 
planar, we can (as was first shown by Mobius) return, by linear construc- 
tions, to the five initial points a . . e ; and therefore can, in this way, re- 
construct the net. 

£129.] If we content ourselves with quaternary (or anharmonic) 
coordinates [12.], or suppose (as we may) that v = o, the equation of a 
surface of the second order takes the form, 

=f(xyzw) = aa? + fy° + <y2' + Sio* 

+ 2(eyz + £zx + nxy) + 2m> (0x + ty + icz) ; 

and if the ten coefficients a . . k, or their ratios, be determined by the 
condition that the surface shall pass through nine given net-points, those 
coefficients may then be replaced by whole numbers, and the surface may 
be said to be rationally related to the given net, or to the initial system 
a . . e, or briefly to be (comp. [8.]) a Rational Surface. For example, 
if the nine points be abcdec'a'cjA 2 , bo that, besides passing through e, 
the surface has the gauche quadrilateral abcd superscribed upon it, the 
equation is 

I . . =/= xz-yw; 

and if they be a, b, a', b', Aj, b 2 , a„ a* = (12l0), and e = (1201), so that 
this new point p, like a* 1 , belongs to the group p„, e , the equation of the 
surface is then found to be, 

II . . =/= w* + z*-(w+z)(x + y)- 2xy. 

[130.] In general, whether the surface of the second order be ra- 
tional or not, it results from the principles of a former communication 
that any point p = (xyzw) of space is the pole of the plane n = \XYZW~\, 
if X . . ^"be the derivatives, 

X=s x f, r=n ! /, Z=i>f, W^dJ-; 

hence, in particular, the pole of the plane [e] of homology of the three 
pyramids E, e', e', [26.] [113.] [125.], of which plane the quaternary 
symbol [12.] is [1111], is the point x determined by the equations, 

X = T= Z = W, or n,/= Dyf= j>J= d„/; 

and if the point e be the mean point of the pyramid abcd, theplane [e] 
is then infinitely distant, and this point x is the centre of the surface. 
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[131.] For example, in the case of the I" surface [129.], this pole 

k is the point (1111) = (20201), which belongs to the group p„, ; and 
because it is on the plane [e], that plane touches the surface in that 
point: so that when the point e is the mean point of the pyramid abcd, 
the surface becomes a ruled paraboloid. In the case of the IP 4 surface 
[129.], the pole xof [e] is always the point (1100), or c'; this point c' 
becomes therefore the centre of the surface, when e is the mean point of 
the pyramid; and the five following lines, 

ab, a'b" 11 !, bV, AjF, and b 2 g, 

where a is the new point (2101) of the group Pj,„ which are always 
chords through c', become in that case diameters. It may be added that, 
with the initial arrangement [91.], the surface last considered becomes 
the sphere, which is described with ab for diameter ; and that it always 
passes through the auxiliary point p, of third construction, which was 
mentioned in [100.]. 

[132.] We have then here an example, of a surface of the second 
order, which was determined so as to pass [129.] through nine net-points 

a, b, a', b', a 2 , b 2 , a„ a 1 ", and f, 

but which has been subsequently found to pass also through at least four 
other points of the net, namely 

b„ b',", g, and p. 

This is, however, only a very particular case of a much more general 
Theorem, with the enunciation of which I shall conclude the present 
Paper, regretting sincerely that it has already extended to a length, so 
much exceeding the usual limits of communications designed for the 
Proceedings* of the Academy, but hoping that some at least of its pro- 
cesses and results will be thought not wholly uninteresting: — 

" If a Surface of the Second Order he determined by the condition of 
passing through nine given points of a Geometrical Net in Space, it passes 
also through indefinitely many others : and every Point upon the Surface, 



* Some of the early formulae of this Paper are unavoidably repeated from a communi- 
cation of the preceding Session (1859—60), but with extended significations, as connected 
now with a quinary calculus. And in a not yet published volume, entitled " Elements of 
Quaternions" the subject of Nets in Space is incidentally discussed, as an illustration 
of the Method of Vectors. But it will be found that the present Paper is far from being 
a mere reprint of the Section on Nets, in the unpublished work thus referred to : many 
new theorems having been introduced, and the plan of treatment generally being different, 
although the notations have, on the whole, been retained. Besides it was thought that 
Members of the Academy might like to see the subject treated, in their Proceedings, 
without any express reference to quaternions : with which indeed the nets have not any 
necessary connexion. 
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which is not a point of the Net, can be included within a Geodetic Triangle 
on that surface, of which the corners are net-points, and of which the sides 
can be made as small as we may desire." 

In fact, the surface is a rational one [129.], or the coefficients of its 
equation may be made whole numbers ; and therefore every rational 
line [8.], from any one net point, or rational point, upon it, if not hap- 
pening to touch the surface, is easily proved to meet it again, in another 
rational point: whence, with the aid of a lately mentioned principle 
[127.], the theorem evidently follows. 

Read, a letter from G. V. Du Noyer, Esq., dated Arklow, April 20, 
1861, inclosing some drawings of antiquities, and the following notes in 
explanation : — 

"As a contribution to my portfolio of drawings in the Eoyal Irish 
Academy Library, I send the accompanying sketch of a very perfect 
Ogham-bearing pillar-stone, now lying on the road-side, close to and 
north of the old church of Castletimon, in the parish of Dunganstown, 
county of Wicklow, and at a distance of eight miles to the north of 
Arklow. 

"Thi3 Pillar, which is a well-smoothed block of crystalline green- 
stone, measuring 4 feet 10 inches in length, is called 'The Longstone,' 
and is held in much veneration by the people of the neighbourhood. 

"In a field to the south of Castletimon old church, and at the dis- 
tance of four hundred yards south of the Ogham stone, are the ruins of 
what was once a magnificent cromlech, the covering stone of which mea- 
sures nearly 11 feet square, by 2 to 2| feet in thickness, being, like the 
pillar, formed from a block of greenstone. Of this I also send the Aca- 
demy a sketch, with a rough plan of the stones forming it, to show their 
original relative position. In the Ordnance Survey Map, No. 36, Co. 
"Wicklow, these relics are erroneously grouped together, and placed on 
the road- side to the north of the old church, mention being made of them 
as ' Cromlech in ruins, called the Longstone.' " 



